CHAPTER

ELEVEN

THE CASE OF MORE
THAN ONE CHOICE VARIABLE

The problem of optimization was discussed in Chap. 9 within the framework of
an objective function with a single choice variable. In the last chapter, the
discussion was extended to exponential objective functions, but we still dealt with
one choice variable only. Now we must develop a way of finding the extreme
values of an objective function that involves two or more choice variables. Only
then will we be able to tackle the type of problem confronting, say, a multiprod-
uct firm, where the profit-maximizing decision consists of the choice of optimal
output levels for several commodities and the optimal combination of several
different inputs.

We shall discuss first the case of an objective function of two choice variables,
z = f(x, y), in order to take advantage of its graphability. Later the analytical
results can be generalized to the nongraphable n-variable case. Regardless of the
number of variables, however, we shall assume in general that, when written in a
general form, our objective function possesses continuous partial derivatives to
any desired order. This will ensure the smoothness and differentiability of the
objective function as well as its partial derivatives.

For functions of several variables, extreme values are again of two kinds: (1)
absolute or global and (2) relative or local. As before, our attention will be
focused heavily on relative extrema, and for this reason we shall often drop the
adjective “relative.” with the understanding that, unless otherwise specified, the
extrema referred to are relative. However, in Sec. 11.5. conditions for absolute
extrema will be given due consideration.
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308 OPTIMIZATION PROBLEMS

11.1 THE DIFFERENTIAL VERSION OF OPTIMIZATION
CONDITIONS

The discussion in Chap. 9 of optimization conditions for problems with a singlc
choice variable was couched entirely in terms of derivatives, as against differen-
tials. To prepare for the discussion of problems with two or more choice variables.
it would be helpful also to know how those conditions can equivalently be
expressed in terms of differentials.

First-Order Condition

Consider the function z = f(x), as depicted in Fig. 11.1. At the maximum point A
as well as the minimum point B. the value of z must be stationary. In other words.
it is a necessary condition for an extremum of z that dz = 0 instantaneously as x
varies. This condition constitutes the differential version of the first-order condi-
tion for an extremum. While the condition dz = 0 is necessary, it is clearly nor
sufficient for either a maximum or a minimum, for the inflection point C in Fig.
11.1 also shares the property that dz = 0.

To see that the above condition is equivalent to the derivative version of the
first-order condition dz /dx = 0O or f'(x) = 0. recall that the differential of z = f(x)
is

(11.1) dz = {'(x) dx

We note that when there is no change in x (dx = 0), dz will automatically be zero.
But this, of course, is not what the first-order condition is all about. What the
first-order condition requires is that dz be zero as x is varied, that is, as arbitrary
(positive or negative, but not zero) infinitesimal changes of x occur. In such a
context, with dx # 0, dz can be zero if and only if f'(x) = 0. Thus the derivative
condition f'(x) = 0 and the differential condition “dz = 0 for arbitrary nonzero
values of dx ™ ar¢ indeed equivalent.

(dz = 0) 2= flx)

0

Figure 11.1



THE CASE OF MORE THAN ONE CHOICE VARIABLE 309

Second-Order Condition

A maximum point, such as point 4 in Fig. 11.1, has the graphical property that as
we slide along the curve infinitesimally toward the left (dx < 0) and the right
(dx > 0) of A, we are descending in both directions. A sufficient condition for
achieving this is that dz < 0 on both sides of 4 in the immediate neighborhood of
that point.* The fact that dz = 0 at point 4, but dz < 0 at points on the two sides
of A, means that dz is invariably decreasing as we move away from A4 in either
direction. In other words, the condition amounts to d(dz) < 0—or, in a simpler
notation, d?z < O—for arbitrary nonzero values of dx. The symbol d?z = d(dz).
denoting the differential of a differential, is known as the second-order differential
of z. And the above condition on 4z constitutes the differential version of the
second-order sufficient condition for a maximum.

Note that the negativity of d>z is sufficient. but not necessary, for a maximum
of z. The reason is that, in certain cases. d*z may happen to be zero (rather than
negative) at a maximum of z. This possibility is, of course, strongly reminiscent of
the cases under the Nth-derivative test where a maximum may be characterized
by a zero second-derivative value. Indeed, in the case of a function of a single
variable, there exists a very close relationship between the sign of the second-order
differential d*z and that of the second-order derivative d2z /dx> or f7(x), as we
shall presently show.

Given that dz = f(x) dx, we can obtain d*z merely by further differentiation
of dz. In so doing, however, we should bear in mind that dx, representing in this
context an arbitrary or given nonzero change in x, is to be treated as a constant
during differentiation. Consequemly dz can vary only with f’'(x), but since f'(x)
is in turn a funcuong,f X, dz can in the final analysis vary only with x. In view of
this, we have

(112) %

I

d(dz) =d[f(x)dx]  [by(11.1)]
[df(x)] dx [ dx is constant]
[£7(x) dx] dx = f"(x) dx?

Note that the exponent 2 appears in (11.2) in two fundamentally different ways.
In the symbol d?z, the exponent 2 indicates the second-order differential of z; but
in the symbol dx* = (dx)?, the exponent 2 denotes the squaring of the first-order
differential dx. The result in (11.2) provides a direct link between d*z and f"'(x).
Inasmuch as we are considering nonzero values of dx only, the dx? term is always
positive; thus d?z and f”(x) must take the same algebraic sign.

This fact serves to confirm our earlier c¢laim that the differential condition
“d?z < 0 for arbitrary nonzero values of dx” is equivalent to the derivative
cpndition f"(x) < 0 as a sufficient condition for a maximum of z. But, turning to

It

* This can be clarified by referring to (11.1). Let dz < 0 on both sides of point A. Then f’(x) and
dx must be opposite in sign. This means that to the left of point A4 (letting dx < 0), f'(x) must be
positive, so_the f curve must be upward-sloping. Similarly, to the right of 4 (letting dx > 0), {'(x)
must be negative, so the f curve must be downward-sloping. Hence, point 4 is the peak of a hill.
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the case of a minimum of z, we can also see from (11.2) that the sufficient
derivative condition f”(x) > 0 can be equivalently stated as “d?z > 0 for arbi-
trary nonzero values of dx.” Finally, we may infer from (11.2) that the second-order
necessary conditions

For maximumof z: f“(x)<0 ~ - -
For minimumof z: f”(x) = 0
can be translated, respectively, into

For maximum of z: d’z < ,
for arbitrary nonzero values of dx
For minimum of z: d?%z > 0

Differential Conditions versus Derivative Conditions

Now that we have demonstrated the possibility of expressing the derivative
version of first- and second-order conditions in terms of dz and d°z, you may very
well ask why we bothered to develop a new set of differential conditions when
derivative conditions were already available. The answer is that differential
conditions—but not derivative conditions—are stated in forms that can be
directly generalized from the one-variable case to cases with two or more choice
variables. To be more specific, the first-order condition (zero value for dz) and the
second-order condition (negativity or positivity for ¢>z) are applicable with equal
validity to all cases, provided the phrase “for arbitrary nonzero values of dx” is
duly modified to reflect the change in the number of choice variables.

~ This does not mean, however, that derivative conditions will have no further
role to play. To the contrary, since derivative conditions are operationally more
convenient to apply, we shall—after the generalization process is carried out by
means of the differential conditions to cases with more choice variables—still
attempt to develop and make use of derivative conditions appropriate to those
cases.

11.2  EXTREME VALUES OF A FUNCTION OF TWO VARIABLES

For a function of one choice variable, an extreme value is represented graphically
by the peak of a hill or the bottom of a valley in a two-dimensional graph. With
two choice variables. the graph of the function—z = f(x, y)—becomes a surface
in a 3-space, and while the extreme values are still to be associated with peaks and
bottoms, these “hills” and * valleys™ themselves now take on a three-dimensional
character. They will, in this new context, be shaped like domes and bowls,
respectively. The two diagrams in Fig. 11.2 serve to illustrate. Point 4 in diagram
a, the peak of a dome. constitutes a maximum,; the value of z at this point is
larger than at any other point in its immediate neighborhood. Similarly, point B
in diagram b, the bottom of a bowl, represents a minimum; everywhere in its
immediate neighborhood the value of the function exceeds that at point B.
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(a) (b)

Figure 11.2

First-Order Condition
For the function
= =f(x.y)

the first-order necessary condition for an extremum (either maximum or mini-
mum) again involves dz = 0. But since there are two independent variables here,
dz is now a total differential; thus the first-order condition should be modified to
the form

(11.3) dz = 0 for arbitrary values of dx and dy. not both zero

The rationale behind (11.3) is similar to the explanation of the condition dz = 0
for the one-variable case: an extremum point must be a stationary point, and at a
stationary point, z must be constant for arbitrary infinitesimal changes of the two

In the present two-variable case, the total differential is
(11.4) D= fodx + [ dy
In order to satisfy condition (11.3), it is necessary-and-sufficient that the two

partial derivatives f, and f, be simultaneously equal to zero. Thus the equivalent
derivative version of the first-order condition (11.3) 1s

dz 0z

(11.5)  f.=f=0 [or x O}

There is a simple graphical interpretation of this condition. With reference to
point 4 in Fig. 11.24, to have f, = 0 at that point means that the tangent line T,
drawn through A and parallel to the xz plane (holding y constant), must have a
zero slope. By the same token, to have f, = 0 at point 4 means that the tangent
line T, drawn through 4 and parallel to the yz plane (holding x constant), must
also have a zero slope. You can readily verify that these tangent-line requirements
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(a) ()

Figure 11.3

actually also apply to the minimum point B in Fig. 11.256. This is because
condition (11.5), like condition (11.3), is a necessary condition for both a maxi-
mum and a minimum.

As in the earlier discussion, the first-order condition is necessary, but nor
sufficient. That it 1s not sufficient to establish an extremum can be seen from the
two diagrams in Fig. 11.3. At point C in diagram a, both T, and 7, have zero
slopes, but this point does not qualify as an extremum: Whereas it is a minimum
when viewed against the background of the yz plane, 1t turns out to be a
maximum when looked at against the xz plane! A point with such a “dual
personality” is referred to, for graphical reasons, as a saddle point. Similarly, point
D in Fig. 11.3b, while characterized by flat 7, and T, is no extremum. either; its
location on the twisted surface makes it an inflection point, whether viewed against
the xz or the yz plane. These counterexamples decidedly rule out the first-order
condition as a sufficient condition for an extremum.

To develop a sufficient condition, we must look to the second-order total
differential, which 1s related to second-order partial derivatives.

Second-Order Partial Derivatives

The function z = f(x, y) can give rise to rwo first-order partial derivatives,

_ 0z _ 0z
Sy ad =g

Since f, is itself a function of x (as well as of y), we can measure the rate of
change of f_with respect to x, while y remains fixed, by a particular second-order
(or second) partial derivative denoted by either f, or d%z/dx:
0 9’z 4 {0z
f\,x - 8(’((](\') or axz - ax(a,\')

The notation f,  has a double subscript signifying that the primitive function f has
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been differentiated partially with respect to x twice, whereas the notation 9%z /dx?
resembles that of d?z/dx? except for the use of the partial symbol. In a perfectly
analogous manner, we can use the second partial derivative

d N 4%z d [ d:z
Ty(f") or (3)

: FIE dy
to denote the rate of change of f, with respect to y, while x is held constant.
Recall, however, that f, is also a function of y and that f, is also a function of
x. Hence, there can be written two more second partial derivatives:

9 a ez 3%z 9 (a:z
f\\' = 8x8y = 8)(?(8}’) and f” - (9}’(9,\’ B 3}'(5;)

These are called cross (or mixed) partial derivatives because each measures the
rate of change of one first-order partial derivative with respect to the “other”
variable.

It bears repeating that the second-order partial derivatives of z = f(x, y), like
z and the first derivatives f, and f,, are also functions of the variables x and y.
When that fact requires emphasis, we can write f.. as f. (x. ), and f . as
fo,(x.y), etc. And, along the same line, we can use the notation f..(1,2) to
denote the value of f, evaluated at x = 1 and y = 2, etc.

Even though f,, and f, have been separately defined. they will-—according to
a proposition known as Young’s theorem—be identical with each other, as long as
the two cross partial derivatives are both continuous. In that case, the sequential
order in which partial differentiation is undertaken becomes immaterial, because
f., = /... For the ordinary types of specific functions with which we work, this
continuity condition is usually met; for general functions, as mentioned earlier,
we always assume the continuity condition to hold. Hence, we may in general
expect to find identical cross partial derivatives. In fact, the theorem applies also
to functions of three or more variables. Given z = g(u, v, w), for instance, the
mixed partial derivatives will be characterized by g,, = £..» 8on = 8ue» L€
provided these partial derivatives are all continuous.

fw

Example 1 Find the four second-order partial derivatives of
z=x>+ 5xy — y?

The first partial derivatives of this function are
fi=3x*+5y and [ =5x-2y

Therefore, upon further differentiation, we get
fo=6x  fo=5 fu=5 f.=-2

As expected, f, and f, . are identical.

Example 2 Find all the second partial derivatives of z = x% *. In this case, the
first partial derivatives are

T fi=2xet  and  f = —xle”
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Thus we have
f\\ =2e f‘-\ = —2xe¢ ' /\‘ = —2yxe ¥ f”‘ — Xle v

Again, we see that f, = f,

Ve

Note that the second partial derivatives are all functions of the origin..
variables x and y. This fact is clear enough in Example 2, but it is true even fu1
Example 1, although some second partial derivatives happen to be consrun:
functions in that case.

Second-Order Total Differential

Given the total differential dz in (11.4). and with the concept of second-order
partial derivatives at our command. we can derive an expression for the second-
order total differential ¢z by further differentiation of dz. In so doing, we should
remember that in the equation dz = f_ dx + f, dv. the symbols dx and dy repre-
sent arbitrary or given changes in x and y; so they must be treated as constants
during differentiation. As a result. dz depends only on f, and f,. and since f, and
/. are themselves functions of x and y. dz. like z itself, is a function of x and y.

To obtain d*z, we merely apply the definition of a differential—as shown in
(11.4)—to dz itself. Thus,

(11.6)  d*z=d(dz) = 3(0‘1\7)dx + a(a‘f)d,v [ef. (11.4)]

(9(9 (fodx + f dv)dx + %( fodx + [ dv)dy
(/.

cdx + foodv)de + (f dy+ f dv)ds
=1, »c+f dydx + f dxd\+fd1
foodx® +2f pdxdv + fodvt [ =]

Note. again, that the exponent 2 appears in (11.6) in two different ways. In the
symbol d°z, the exponent 2 indicates the second-order total differential of z; but in
the symbol dx* = (dx)’. the exponent denotes the squaring of the first-order
differential dx.

The result in (11.6) shows the magnitude of ¢z (the change in dz) in terms of
given values of dx and dv. measured from some point (x,. J,) in the domain. In
order to calculate d-z, however, we also need to know the second-order partial
derivatives f .. f . and f . all evaluated at (x,. y,)—just as we need the
first-order partial derwatlves to calculate dz from (11.4).

Example 3 Given z = x* + Sxy — v, find ¢z and d"°z. This function is the same
as “the one in Example 1. Thus. substituting the various derivatives already
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obtained there into (11.4) and (11.6). we find*
dz = (3x> + 5y)dx + (5x = 2y) dy
and
d?z = 6xdx? + 10dx dy — 2dy*
At the point x = 1 and y = 2, for instance, we have
2= 13dx +dy  and  d’z = 6dx? + 10dx dy — 2dv?

And for given dx and dy from the point x = 1 and y = 2 in the domain. the sign
of dz tells the direction of change of z, whereas the sign of d*z reveals whether dz
is increasing (d>z > 0) or decreasing (d°z < 0).

Second-Order Condition

Using the concept of dz. we can state the second-order sufficient condition for a
maximum of z = f(x, y) as follows:

(11.7) d?*z < 0 for arbitrary values of dx and dy, not both zero

The rationale behind (11.7) is very similar to that of the d?z condition for the
one-variable case, and it can be explained by means of Fig. 11.4, which depicts
the bird’s-eye view of a surface. Let point A on the surface—the point lying
directly above the point (x,. );,) in the domain—satisfy the first-order condition
(11.3). Then point A4 is a prospective candidate for a maximum. Whether it in fact
qualifies depends on the surface configuration in the neighborhood of A. If an
infinitesimal movement away from 4 in any direction along the surface (see the
arrows in Fig. 11.4) invariably results in a decrease in z—that is, if dz <0 for
arbitrary values of dx and dy, not both zero-—A is a peak of a dome. Given that
- = 0 at point A, however, the condition dz < 0 at other points in the neighbor-
hood of A4 amounts to the stipulation that dz is decreasing, that is, d*z = d(dz) <
0, for arbitrary values of dx and dy. not both zero. Thus (11.7) constitutes a
sufficient condition for identifying a stationary value as a maximum of :.
Analogous reasoning would show that a counterpart second-order sufficient
condition for identifying a stationary value as a minimum of z = f(x, y)is

(11.8) d?z > 0 for arbitrary values of dx and dy, not both zero

* An alternative way of rcaching these results is by direct differentiation of the function:
dz=d(x) +d(5v)  d(y7)
=3x7dx + Sydv t Sxdv - 2vdy
Further differentiation of ¢z (bearing in mind that dx and dy are constants) will then vield
dz = d(3x7) dx + d(5y) dy = d(5x) dv — d(2y) dv
= (6xdx) dy + (Sdv) dy +~ (Sdxydv - (2dv) dv
~ 6xdxt + 10dy dv — 2}



316 OPTIMIZATION PROBLEMS

The reason why (11.7) and (11.8) are only sufficient, but not necessary,
conditions is that it is again possible for 4z to take a zero value at a maximum or
a minimum. For this reason. second-order necessary conditions must be stated
with weak inequalities as follows:

5

For maximumof z: d-z < O\ for arbitrary values of dx and dy,

For minimum of z: d°z > 0 J not both zero

(11.9)

In the following. however, we shall pay more attention to the second-order
sufficient conditions.

For operational convenience, second-order differential conditions can be
translated into equivalent conditions on second-order derivatives. In the two-vari-
able case. (11.6) shows that this would entail restrictions on the signs of the
second-order partial derivatives f, .. /... and f, . The actual translation would
require a knowledge of quadratic forms, which will be discussed in the next
section. But we may first introduce the main result here: For any values of dx and
dy, not both zero,

(<0 iff £, <0: f,<0: and f [, >[]

) Xy

| >0 iff [, >0. f,>0. and [ f, > f2

Note that the sign of ¢z hinges not only on f, and f, , which have to do with the
surface configuration around point A (Fig. 11.4) in the two basic directions shown
by T (east-west) and T, (north-south), but also on the cross partial derivative f, ..
The role played by this latter partial derivative is to ensure that the surface in
question will yield (two-dimensional) cross sections with the same type of

Yo

0]

Figure 11.4
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Table 11.1 Conditions for relative extremum: - = f(x. 1)
Condition Maximum Minimum
First-order necessary condition fo=1f =190 fo=/.=0
Second-order sufficient
condition* fo.of, <0 foofi =0
and and
foh > £ fodo = 1

*Applicable only after the first-order necessary condition has been satistied.

configuration (hill or valley. as the case may be) not only in the two basic
directions (east-west and north-south). but in all other possible directions (such as
northeast-southwest) as well.

The above result, together with the first-order condition (11.5), enables us to
construct Table 11.1. It should be understood that all the second partial deriva-
tives therein are to be evaluated at the stationary point where f = f = 0. It
should also be stressed that the second-order sufficient condition is nor necessary

P

for an extremum. In particular, if a stationary value is characterized by f, . f.. = /.
in violation of that condition, that stationary value may nevertheless turn out to
be an extremum. On the other hand, in the case of another type of violation, with
a stationary point characterized by f, f,, < 7. we can identify that point as a
saddle point, because the sign of d’z will in that case be indefinite (positive for
some values of dx and dy. but negative for others).

Example 4 Find the extreme value(s) of = = 8x* + 2xy — 3x* + y* + 1. First
let us find all the first and second partial derivatives:

f.=24x*+ 2y — 6x fi=2x+2y
foo=8x -6 f . =2 [, =2
The first-order condition calls for satisfaction of the simultaneous equations
.= 0and f = 0, that s,
24x? + 2y —6x =0
2y +2x=0

The second equation implies that v = —x, and when this information is sub-
stituted into the first equation, we get 24x* — 8x = 0, which yields the pair of
solutions

(=0 [implying 7, = — %, = 0]

=

| 1

X, =3 [implyingfz = - f]
To apply the second-order condition, we note that. when

5,=7=0
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f. turns out to be —6, while f, . is 2, so that f__ /.. is negative and is necessarily
less than a squared value f.2. This fails the second-order condition. The fact that
f.. and £, have opposite signs suggests, of course, that the surface in question will
curl upward in one direction but downward in another, thereby giving rise to a
saddle point.

What about the other solution? When evaluated at ¥, = 1, we find that
fe. = 10, which, together with the fact that f = f_. = 2, meets all three parts of
the second-order sufficient condition for a minimum. Therefore, by setting x = %

and y = — £ in the given function, we can obtain as a minimum of z the value
7 = 2. In the present example, there thus exists only one relative extremum (a
minimum), which can be represented by the ordered triple
o 1 -1 23
(¥.5.2) = (3' 3 '27)

Example 5 Find the extreme value(s) of z = x + 2ey — e* — e*’. The relevant
derivatives of this function are
fi=1—¢€" f.=2e—2e*

f\:\ = —e' fl‘l': _462)‘ f\'\ =0

To satisfy the necessary condition, we must have
l—e*=20

2e — 2e% =
which has only one solution. namely, ¥ = 0 and y = §. To ascertain the status of
the value of z corresponding to this solution (the stationary value), we evaluate
the second-order derivatives at x =0 and y = |, and find that /, = —1.f =
—4e. and f,, = 0. Since £, and /., are both negative and since, in addition,
(— 1)(—4e) > 0, we may conclude that the z value in question, namely,

Fi=0+e—e"—e' = —1
is a maximum value of the function. This maximum point on the given surface
can be denoted by the ordered triple (¥, 7. Z) = (0, %, — 1).

Again, note that, to evaluate the second partial derivatives at ¥ and v,

differentiation must be undertaken first, and then the specific values of ¥ and ¥
are to be substituted into the derivatives as the final step.

EXERCISE 11.2

Use Table 11.1 to find the extreme value(s) of cach of the following four functions, and
determine whether they are maxima or minima:

lz=x"+xr+2y 43

2= x>+ xy *}'2 +2x+y
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3 2z =ax?+ by’ + c: consider each of the three subcases:
(a) a>0,b>0 (b)Y a<0,b<0 (¢) a and b opposite in sign

4z=e—2x+2y*+3

5 Consider the function z = (x — 2)* + (» — 3)™.

(@) Establish by intuitive reasoning that z attains a minimum (Z =0) at X = 2 and
y =3

(b) Ts the first-order necessary condition in Table 11.1 satisfied?

(¢) Is the second-order sufficient condition in Table 11.1 satisfied?

(d) Find the value of d”z. Does it satisfy the second-order necessary condition for a
minimum in (11.9)?

11.3 QUADRATIC FORMS—AN EXCURSION

The expression for d*z on the last line of (11.6) exemplifies what are known as
quadratic forms, for which there exist established criteria for determining whether
their signs are always positive, negative. nonpositive, or nonnegative, for arbitrary
values of dx and dv. not both zero. Since the second-order condition for
extremum hinges directly on the sign of d*z. those criteria are of direct interest.

To begin with, we define a form as a polynomial expression in which each
component term has a uniform degree. Our earlier encounter with polynomials
was confined to the case of a single variable: ¢, + a,x + --- + a,x". When more
variables are involved. each term of a polynomial may contain either one variable
or several variables, each raised to a nonnegative integer power, such as 3x +
4x2y* — 2yz. In the special case where each term has a uniform degree—i.e..
where the sum of exponents in each term is uniform—the polynomial is called a
form. For example, 4x — 9y + z is a linear form in three variables, because each
of its terms is of the first degree. On the other hand. the polynomial 4x? — xy +
3y2. in which each term is of the second degree (sum of integer exponents = 2),
constitutes a quadratic form in two variables. We may also encounter quadratic
forms in three variables, such as x> + 2xy — yw + 7w’ or indeed in n variables.

Second-Order Total Differential as a Quadratic Form

If we consider the differentials dx and dy in (11.6) as variables and the partial
derivatives as coefficients, i.e.. if we let

u = dx v =dy
azf\‘\' bEf\’) hzf\)l::f\:\]
then the second-order total differential

2= f, dx+ 2f dxdy + f, d

(11.10)

can easily be identified as a quadratic form ¢ in the two variables « and v:

(11.6") g =au’ + 2hue + bv’
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Note that, in this quadratic form, dx = ¥ and dv = v are cast in the role of
variables, whereas the second partial derivatives are treated as constants— the
exact opposite of the situation when we were differentiating dz to get d?z. The
reason for this reversal lies in the changed nature of the problem we are now
dealing with. The second-order sufficient condition for extremum stipulates d?z to
be definitely positive (for a minimum) and definitely negative (for a maximum),
regardless of the values that dx and dv may take (so long as they are not both
zero). It is obvious, therefore, that in the present context dx and dy must be
considered as variables. The second partial derivatives, on the other hand, will
assume specific values at the points we are examining as possible extremum
points, and thus may be regarded as constants.

The major question becomes, then: What restrictions must be placed upon a,
b.and h in (11.6"), when « and v are allowed to take any values, in order to ensure
a definite sign for ¢?

Positive and Negative Definiteness

As a matter of terminology, let us remark that a quadratic form ¢ is said to be

positive definite positive (>0)

positive semidefinite . nonnegative (=0)
‘ . if g is invariably .

negative semidefinite nonpositive (<0)

negative definite negative (< 0)

regardless of the values of the variables in the quadratic form, not all zero. If ¢
changes signs when the variables assume different values, on the other hand, ¢ is
said to be indefinite. Clearly, the cases of positive and negative definiteness of
q = d*z are related to the second-order sufficient conditions for a minimum and a
maximum, respectively. The cases of semidefiniteness, on the other hand, relate to
second-order necessary conditions. When ¢ = d?z is indefinite, we have the
symptom of a saddle point.

Determinantal Test for Sign Definiteness

A widely used test for the sign definiteness of g calls for the examination of the
signs of certain determinants. This test happens to be more easily applicable to
positive and negative definiteness (as against semidefiniteness); that is, it applies
more easily to second-order sufficient (as against necessary) conditions. We shall
confine our discussion here to the sufficient conditions only.*

For the two-variable case. determinantal conditions for the sign definiteness
of g are relatively easy to derive. In the first place, we see that the signs of the first
and third terms in (11.6") are independent of the values of the variables u and o,

* For a discussion of determinantal test for second-order necessary conditions, see Akira Takayama,
Mathematical Economics, The Dryden Press. Hinsdale, IL, 1974, pp. 118-120,
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because these variables appear in squares. Thus it is easy to specify the condition
for the positive or negative definiteness of these terms alone, by restricting the
signs of @ and b. The trouble spot lies in the middle term. But if we can convert
the entire polynomial into an expression such that the variables u and v appear
only in some squares, the definiteness of the sign of ¢ will again become tractable.

The device that will do the trick is that of completing the square. By adding
h*v?/a to, and subtracting the same quantity from, the right side of (11.6"), we
can rewrite the quadratic form as follows:

h? . ht
o’ + bvt — —0?
a

g = au® + 2huv +

(., 2h h* ' Y s
=a(u“+—uv+—,v“ +(b——)v“
a a* \ a.,

ab — h*
a

(v?)

il

, h b
a ( u-+t —v) +
a
Now that the variables u and v appear only in squares, we can predicate the sign

of ¢ entirely on the values of the coefficients a, b, and & as follows:

. [ positive definite | .
11. . ..
(1111 a1 \ negative definite | iff la<0

f">0} and ab—h2> 0

Note that (1) ab — h* should be positive in both cases and (2) as a prerequisite for
the positivity of ab — h?, the product ab must be positive (since it must exceed the
squared term 4°); hence, the above condition automatically implies that ¢ and b
must take the identical algebraic sign.

The condition just derived may be stated more succinctly by the use of
determinants. We observe first that the quadratic form in (11.6") can be re-
arranged into the following square, symmetric format:

g=alu?) + h(uv)
+h(vu) + b(v?)

with the squared terms placed on the diagonal and with the 2/uv term split into
two equal parts and placed off the diagonal. The coefficients now form a
symmetric matrix, with ¢ and b on the principal diagonal and 4 off the diagonal.
Viewed in this light, the quadratic form is also easily seen to be the 1 X 1 matrix
(a scalar) resulting from the following matrix multiplication:

T A |

The determinant of the 2 X 2 coefficient matrix, ‘Z Zl—which is referred to as

the discriminant of the quadratic form ¢, and which we shall therefore denote by
| D|—supplies the clue to the criterion in (11.11). for the latter can be alterna-
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tively expressed as:
. [ positive definite ) fla] >0
A1 . -
(11119 a1 {negatlve definite iff \Ja] <0 d
The determinant |a| = a is a subdeterminant of |D| that consists of the first

element on the principal diagonal; thus it is called the first principal minor of |D].
h

a h
P b'>0

The determinant ‘Z can also be considered a subdeterminant of |D|: since it

involves the first and second elements on the principal diagonal, it is called the
second principal minor of |D|. In the present case, there are only two principal
minors available, and their signs will serve to determine the positive or negative
definiteness of gq.

When (11.11") is translated, via (11.10), into terms of the second-order total
differential d?z, we have

5 . {positive definite}
d<zi . .
negative definite

" (foo> 0} ond foo T — fofo =250

\f\\'<0 f\‘\" f\'\'

Recalling that the last inequality above implies that f, . and f, . are required to
take the same sign, we see that this is precisely the second-order sufficient
condition presented in Table 11.1.

In general, the discriminant of a quadratic form

q = au® + 2huv + bv?

is the symmetric determinant

Z Zl In the particular case of the quadratic form
d?z = f.dx* + 2f dxdy + [, dy*

the discriminant is a determinant with the second-order partial derivatives as its
elements. Such a determinant is called a Hessian determinant (or simply a
Hessian). In the two-variable case, the Hessian is

f\' X f,\',\‘
f\'\' f\'\'

|H| =

-

which, in view of Young’s theorem (f,, = f,,), is symmetric—as a discriminant
should be. You should carefully distinguish the Hessian determinant from the
Jacobian determinant discussed in Sec. 7.6.

Example 1 1s g = 5u® + 3uv + 20° either positive or negative definite? The
S 1.5
1.5 2
5 1.5
1.5 2

Therefore ¢ is positive definite.

discriminant of ¢ is . with principal minors

5>0 and } ):7.75>O
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Example 2 Given f = —2. f =1 and f = —1 at a certain point on a
function = = f(x, v). does d*z have a definite sign at that point regardless of the
values of dx and dy? The discriminant of the quadratic form ¢z is in this case
-2 : o .
I B 1 . with principal minors
~2<0  and !*f IR

Thus ¢°: is negative definite.

Three-Variable Quadratic Forms

Can similar conditions be obtained for a quadratic form in three variables?

A quadratic form with three variables u,. «,. and u; may be generally
represented as
(11.12) gluycuyouy) = dy(uf) +d(uuy) +dys(uu;)

tdy(uauy) + dzz(“%) +d:3(“2“3)

oy (uyuy) + dyy (uquy) + dyy(us)

where the double-Y (double-sum) notation means that both the index / and the
index j are allowed to take the values 1. 2, and 3; and thus the double-sum
expression is equivalent to the 3 X 3 array shown above. Such a square array of
the quadratic form is, incidentally. always to be considered a symmetric one, even
though we have written the pair of coeflicients (d,,. d,,) or (d,;. d5,) as if the
two members of each pair were different. For if the term in the quadratic form
involving the variables u, and u, happens to be. say, 12u,u,, we always let
d\,=d, = 6.s0thatd,uu, = d,u,u,. and a similar procedure may be applied
“to make the other off-diagonal elements symmetrical.

Actually, this three-variable quadratic form is again expressible as a product

of three matrices:

di, dyy dylly

(11.129) gluy usouy) =[uy uy usl|ldy dyy dy || uy| = u'Du
dy, dy; dy || u;

As in the two-variable case, the first matrix (a row vector) and the third matrix (a
column vector) merely list the variables, and the middle one ( D) is a symmetric
coefficient matrix from the square-array version of the quadratic form in (11.12).
This time, however, a total of three principal minors can be formed from its
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discriminant, namely,

dy dyp dy
dyy dy

(D] =d |D,| = d dss |D;| =ldy dy  dy
21 2

dyy dy dy

where | D;| denotes the ith principal minor of the discriminant | D|.* It turns out
that the conditions for positive or negative definiteness can again be stated in
terms of certain sign restrictions on these principal minors.

By the now-familiar device of completing the square, the quadratic form in
(11.12) can be converted into an expression in which the three variables appear
only as components of some squares. Specifically, recalling that a,, = a,,, etc., we
have

d d;
q=d1,(u, +j@u,+£u3)

nooody
V2
+d11d22‘d122( d11d23_d12d13
—d-—— u2+————2— 3
1 d\dy, — di,
d1,d22d33~d”d§3—d22d123~d33d122+2d12d13d23 2
+ (uy)

dydy dlzz
This sum of squares will be positive (negative) for any values of u,, u,, and u;,
not all zero, if and only if the coefficients of the three squared expressions are all
positive (negative). But the three coefficients (in the order given) can be expressed
in terms of the three principal minors as follows:
[ D, |Ds|
1D, | D, |

1D

Hence, for positive definiteness. the necessary-and-sufficient condition is threefold:
Dy >0
ID,| >0  [given that |D,| > 0 already]
|D,] >0  [given that | D,| > O already]

In~other words, the three principal minors must all be positive. For negative
definiteness, on the other hand, the necessary-and-sufficient condition becomes:

D] <0
|D,] >0  [given that |D,| < 0 already]
IDy] <0  [given that |D,] > 0 already]

That is, the three principal minors must alternate in sign in the specified manner.

* We have so far viewed the /th principal minor | D,| as a subdeterminant formed by retaining the
first i principal-diagonal elements of | D]. Since the notion of a minor implies the deletion of something
from the original determinant, however. you may prefer to view the /th principal minor alternatively
as a subdeterminant formed by deleting the last (n — i) rows and columns of | D|.
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Example 3 Determine whether ¢ = ui + 6u3 + 3u; — 2uu, — 4u,u; is either
positive or negative definite. The discriminant of g 1s

1 -1 0
-1 6 -2
0 -2 3

with principal minors as follows:

o 1 -1 0
1>0 l—l 6.:5>0 and -1 6 —-2/=11>0
0 -2 3

Therefore, the quadratic form is positive definite.

Example 4 Determine whether ¢ = 2u? + 3v° — w” + 6uv — Suw — 2ow s
either positive or negative definite. The discriminant may be written as
2 3 -4

2 3 —1/. and we find its first principal minor to be 2 > 0, but the
-4 -1 -1
second principal minor is 3 ; = —3 < 0. This violates the condition for both

positive and negative definiteness; thus ¢ is neither positive nor negative definite.

n-Variable Quadratic Forms
As an extension of the above result to the n-variable case, we shall state without

proof that, for the quadratic form

n

Z i d, uu, [where d, = d/,]

i=1 /=1

glu, uy.... u,)

Il

W D u [cf. (11.127)]

(Ixn) (nxny(axh

the necessary-and-sufficient condition for poesitive definiteness is that the principal
minors of | D], namely.

d” dIZ dln

dy d; dy d d,

\D\| = d,, |D3|E~d2] dys Dl = _122_”
dnl dnl e n

all be positive. The corresponding necessary-and-sufficient condition for negative
definiteness is that the principal minors alternate in sign as follows:

iD,| <0 |D,| >0 D] <0 (etc.)

so that all the odd-numbered principal minors are negative and all even-numbered
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ones are positive. The nth principal minor. |D,| = | D], should be positive if n is
even, but negative if »n is odd. This can be expressed succinctly by the inequality
(—H" D, >0

Characteristic-Root Test for Sign Definiteness

Aside from the above determinantal test for the sign definiteness of a quadratic
form u’Du. there is an alternative test that utilizes the concept of the so-called
“characteristic roots” of the matrix D. This concept arises in a problem of the
following nature. Given an n X n matrix D. can we find a scalar . and an n X |
vector x # 0, such that the matrix equation

(11.13) D x =r x
(nXxu){nxh (nx 1y
is satisfied? If so, the scalar r1s referred to as a characteristic roor of matrix D and

X as a characteristic vector of that matrix.*
The matrix equation Dx = rx can be rewritten as Dx — rIx = 0, or

(11.13) (D—rl)x=0 where O is n X 1

This, of course, represents a system of n homogeneous linear equations. Since we
want a nontrivial solution for x. the coeflicient matrix (D — rl)-—called the
characteristic matrix of D—is required to be singular. In other words, its determi-
nant must be made to vanish:

dyy —r di, dy,
(11.14)  |D—r1)=| 92 du—7 =0
dnl dnl e nn r

Equation (11.14) is called the characteristic equation of matrix D. Since the
determinant |D — rf| will yield. upon Laplace expansion, an nth-degree poly-
nomial in the variable r. (11.14) is in fact an nth-degree polynomial equation.
There will thus be a total of n roots, (r,.....r,). each of which qualifies as a
characteristic root. If D is symmetric, as is the case in the quadratic-form context,
the characteristic roots will always turn out to be real numbers, but they can take
either algebraic sign, or be zero.

Inasmuch as these values of r will all make the determinant | D — r/| vanish,
the substitution of any of these (say. r,) into the equation system (11.13") will
produce a corresponding vector x|,_, . More accurately, the system being homo-
geneous, it will yield an infinite number of vectors corresponding to the root r,.
We shall. however. apply a process of normalization (to be explained below) and

* Characteristic roots are also known by the alternative names of larent roots. or eigenvalues.
Characteristic vectors arc also called eigencectors.
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select a particular member of that infinite set as the characteristic vector corre-
sponding to r;: this vector will be denoted by v,. With a total of »n characteristic
roots, there should be a total of n such corresponding characteristic vectors.

Example 5 Find the characteristic roots and vectors of the matrix B _ :;'] By
substituting the given matrix for D in (11.14). we get the equation

2—-r 2 I —

1 5 -, r—6=20
with roots r, = 3 and r, = —2. When the first root is used, the matrix equation

(11.13") takes the form of

PR NI R MU R )

The two rows of the coefficient matrix being linearly dependent. as we would
expect in view of (11.14), there is an infinite number of solutions, which can be
expressed by the equation x; = 2x,. To force out a unique solution, we normalize
the solution by imposing the restriction x; + x3 = 1.* Then. since

xi 4 x3y = (2)(2)2 +xi=5x3=1

we can obtain (by taking the positive square root) x, = 1/ VS . and also x, = 2x,
= 2/Y5. Thus the first characteristic vector is

2/¢5}
1/V5

Similarly, by using the second root r, = —2 in (11.13"), we get the equation

[2_;#2) —1—2<—2>H2}:[; THHE}

which has the solution x, = — $x,. Upon normalization. we find

Uy

Dty

)
2 5 2 2 5
xi+xi=(—tx) +x3=jx3=1

©

which yields x, = 2/ V5 andx, = -1/ V5 . Thus the second characteristic vector

1S
l—l/%SJ
v, = _
. 2/V5

The set of characteristic vectors obtained in this manner possesses two

n
* More generally. for the n-variable case, we require that Z xP=1

=1
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important properties: First, the scalar product v;v, (i = 1,2...., n) must be equal
to unity, since

X,
Xq n
ve =[x, x; 0 x| =YX xi=1 [by normalization]
X’n
Second, the scalar product v]v, (where i # j) can always be taken to be zero.* In
sum, therefore, we may write that

(11.15)  v/v, =1 and  vjo,=0  (i#))

These properties will prove useful below. As a matter of terminology, when two
vectors yield a zero-valued scalar product, the vectors are said to be orthogonal
(perpendicular) to each other.T Hence each pair of characteristic vectors of matrix
D must be orthogonal. The other property, v/v, = 1, is indicative of normaliza-
tion. Together, these two properties account for the fact that the characteristic
vectors (v,,..., v,) are said to be a set of orthonormal vectors. You should try to
verify the orthonormality of the two characteristic vectors found in Example 5.
Now we are ready to explain how the characteristic roots and characteristic
vectors of matrix D can be of service in determining the sign definiteness of the
quadratic form u’Du. In essence, the idea is again to transform «'Du (which
involves not only squared terms u{,..., uZ, but also cross-product terms such as
uu, and u,uy) into a form that contains only squared terms. Thus the approach
is similar in intent to the completing-the-square process used in deriving the
determinantal test above. However, in the present case, the transformation
possesses the additional feature that each squared term has as its coefficient one
of the characteristic roots, so that the signs of the n roots will provide sufficient
information for determining the sign definiteness of the quadratic form.

* To demonstrate this, we note that, by (11.13), we may write Dt, = r,v,, and Do, = r,v,. By
premuitiplying both sides of each of these equations by an appropriate row vector, we have

t/ D, = ¢/ru, = rey, [r/ Isa scalar]

I s = plren. = Vo= S e o= ple
¢, Dv, = v/ro, = rujo, = rojy, [L,L/ lr/l/,]

Since ¢;Du, and v] Du, are both 1 X 1, and since they are transposes of cach other (recall that D’ = D
because D is symmetric), they must represent the same scalar. It follows that the extreme-right
expressions in these two equations are equal: hence, by subtracting, we have
(r, = r)ve,=0

Now if 7, # r, (distinct roots), then /v, has to be zero in order for the equation to hold, and this
establishes our claim. If r, = , (repeated roots). moreover, it will always be possible, as it turns out, to
find two linearly independent normalized vectors satisfying v/v, = 0. Thus, we may state in general
that ¢;v, = 0, whenever ; # /. l 0

T As a simple illustration of this, think of the two unit vectors of a 2-space, ¢, = 0] and e, = [ 1 ]
These vectors lie, respectively, on the two axes, and are thus perpendicular. At the same time, we do
find that eje, = eje; = 0.
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The transformation that will do the trick is as follows. Let the characteristic

vectors v,,. .., v, constitute the columns of a matrix T
T =[v, v - ]
(nXxXn)
and then apply the transformation u = T y to the quadratic form
(nx1) (nxXn)y (nx1h
u'Du:

w'Du = (Ty)YD(Ty) = y'T'DTy  [by(4.11)]
= y'Ry where R=TDT

As a result, the original quadratic form in the variables u, is now turned into
another quadratic form in the variables y,. Since the u, variables and the y,
variables take the same range of values, the transformation does not affect the
sign definiteness of the quadratic form. Thus we may now just as well consider the
sign of the quadratic form y’Ry instead. What makes this latter quadratic form
intriguing is that the matrix R will turn out to be a diagonal one, with the roots
ris..., r, of matrix D displayed along its diagonal, and with zeros everywhere else,
so that we have in fact

rh O 0|l
72

(1116) u’Du=y’Ry= [}’l Vs y”] 0 I 0
0 0 Fa L Vn

— 2 ,2 )2
=nyytnytootny,

which is an expression involving squared terms only. The transformation R =
T'DT provides us, therefore, with a procedure for diagonalizing the symmetric
matrix D into the special diagonal matrix R.

Example 6 Verify that the matrix [2 _ﬂ given in Example 5 can be

2

n 02[3 0

diagonalized into the matrix ] On the basis of the char-

0 n 0 -2
acteristic vectors found in Example 35, the transformation matrix T should be
I=[o, 0] 2/V5 =15
] 2 1/‘/§ 2/\/§
Thus we may write
2 1 2 1
— — |2 2|/ —= —-— 3 0
55 5 V5
R=TDT= ) ) ) 5 | =
-—— — {2 -1{| = — 0 -2
55 V5 V5

which duly verifies the diagonalization process.
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To prove the diagonalization result in (11.16), let us (partially) write out the
matrix R as follows:

v
[
R=T1TDT = D[v, v, v, ]
L,
We may easily verify that D{¢, ¢, - ¢,] can be rewritten as [ D, Dv,

Dv, ). Besides. by (11.13). we can further rewrite this as [r,v, v,
r,t,]. Hence. we see that

[ o " . D
&N e, e, U, U, rr,.t,
Cé rltélil rll"sl‘l e 7',117‘51771
R = [rlvl L] L .
NG PN NN R NN
L t, ,Ilnl' 1 rll‘nl 2 rnl’ul/n
-
ro 0 0
0 r, - 0
= . . , [by (11.15)]
0 0O r,

which is precisely what we intended to show.
In view of the result in (11.16). we may formally state the characteristic-root
test for the sign definiteness of a quadratic form as follows:

a g = u'Du is positive (negative) definite. if and onlv if every characteris-
tic root of D is positive (negative)

b g = u'Du is positive (negative) semidefinite. if and only if a// character-
istic roots of D are nonnegative (nonpositive)

¢ g = u'Du is indefinite. if and only if some of the characteristic roots of

D are positive and some are negative

Note that, in applying this test, all we need are the characteristic roots; the
characteristic vectors are not required unless we wish to find the transformation
matrix 7. Note, also, that this test, unlike the determinantal test outlined above.
permits us to check the second-order necessary conditions (part b above) simulta-
neously with the sufficient conditions (part ¢ ). However, it does have a drawback.
When the matrix D is of a high dimension. the polynomial equation (11.14) may
not be easily solvable for the characteristic roots needed for the test. In such
cases, the determinantal test might yet be preferable.
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EXERCISE 11.3

1 By direct matrix multiplication, express each matrix product below as a quadratic form:

(a) [u U][z g][b] (el 'V][Z (2)][)‘5]
[ ]
dy

foo S
fio S

2 In parts b and ¢ of the preceding problem, the coefficient matrices are not symmetric

with respect to the principal diagonal. Verify that by averaging the off-diagonal elements

and thus converting them, respectively, into 7% 72 and g 0

mwel| 72 3 @ e dy][

we will get the
same quadratic forms as before.

3 On the basis of their coefficient matrices (the symmerric versions), determine by the
determinantal test whether the quadratic forms in Exercise 11.3-1a, b, and ¢ are either
positive definite or negative definite.

4 Express each quadratic form below as a matrix product involving a symmetric coefficient
matrix:

(a) g = 3us — dup + o1

(b) g =u>+ Tuv + 3v°

(¢) g=8uv — u” — 31¢°

(d) g=06xy — 5y — 2x°*

(€) ¢ =3ui — 2uyuy + duyuy + Sus + dui — 2uyu;

(f) g= —u’ +4uv — 6uw — 4p° — Tw?’
5 From the discriminants obtained from the symmetric coefficient matrices of the preced-

ing problem, ascertain by the determinantal test which of the quadratic forms are positive
definite and which are negative definite.

6 Find the characteristic roots of each of the following matrices:
_ |4 2 _ | -2 2 NE_ |5 3
(”)D'[z 3] (b £ [ 2 74] (©F [3 o]

What can you conclude about the signs of the quadratic forms u'Du, u'Fu, and u'Fu?
(Check your results against Exercise 11.3-3.)

7 Find the characteristic vectors of the matrix [; :;‘]

8 Given a quadratic form «’Du, where D is 2 X 2, the characteristic equation of D can be
written as

=0 (d|:=d2|)

Expand the determinant; express the roots of this equation by use of the quadratic
formula; and deduce the following:
(a) No imaginary number (a number involving v — 1) can occur in r; and r,.

(b) To have repeated roots, matrix D must be in the form of [(c) 0

c
(¢) To have either positive or negative semidefiniteness, the discriminant of the quadratic
form may vanish, that is, |D| = 0 is possible.
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11.4 OBJECTIVE FUNCTIONS WITH MORE THAN TWO. .-
VARIABLES

When there appear in an objective function n > 2 choice variables, it is no longer
possible to graph the function, although we can still speak of a hypersurface in an
(n + 1)-dimensional space. On such a (nongraphable) hypersurface, there again
may exist (n + 1)-dimensional analogs of peaks of domes and bottoms of bowls.
How do we identify them?

First-Order Condition for Extremum
Let us specifically consider a function of three choice variables,
z=f(x), x5, x3)

with first partial derivatives f,, f,, and f; and second partial derivatives f,,
(= azz/ax, ax,), with i, j = 1,2,3. By virtue of Young’s theorem, we have
fy =T

Our earlier discussion suggests that, to have a maximum or a minimum of z,
it is necessary that dz = 0 for arbitrary values of dx,, dx,, and dx;, not all zero.
Since the value of dz is now

(11.17)  dz = f,dx, + f,dx, + f,dx,

and since dx, dx,, and dx, are arbitrary (infinitesimal) changes in the indepen-
dent variables, not all zero, the only way to guarantee a zero dz is to have
f1 =1, = f5 = 0. Thus, again, the necessary condition for extremum is that all the
first-order partial derivatives be zero, the same as for the two-variable case.*

Second-Order Condition

The satisfaction of the first-order condition earmarks certain values of z as the
stationary values of the objective function. If at a stationary value of z we find
that d?z is positive definite, this will suffice to establish that value of z as a
minimum. Analogously, the negative definiteness of d?z is a sufficient condition
for the stationary value to be a maximum. This raises the questions of how to
express d *z when there are three variables in the function and how to determine
its positive or negative definiteness. '

* As a special case, note that if we happen to be working with a function z = f(x, x5. x3)
implicitly defined by an equation F(z, x;, x5. x3) = 0, where
az 7(’)F/<?x,
= = [ = 1.2,
=5 aF/ 9z (1 3)

then the first-order condition f, = f, = f; = 0 will amount to the condition

GF _GF _GF
dx, dx,  dxy

since the value of the denominator d F/d- # () makes no difference.
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The expression for d*z can be obtained by differentiating dz in (11.17). In
such a process, as in (11.6), we should treat the derivatives £, as variables and the
differentials dx; as constants. Thus we have

d(dz) a(dz)
ax, dx,
d

= a—xl(fldxl +f2dx2+f3dx3)dx,

a(dz)

2 =
(11.18) d’z=d(dz) o,

dx, + dx, + dx,

b dy + v+ fydx) dry

ad
+ PN (frdx, + fydx, + fydx;) dx,
3

fudxi  + frpdxpdxy + fiydxgdxg
+fodxy dx, + foy dx3 + frydx, dxy
+fydxydx, + fy dxydx, + fiydxy

which is a quadratic form similar to (11.12). Consequently, the criteria for positive
and negative definiteness we learned earlier are directly applicable here.

In determining the positive or negative definiteness of d”z, we must again, as
we did in (11.6"), regard dx, as variables that can take any values (though not all
zero), while considering the derivatives f,, as coefficients upon which to impose
certain restrictions. The coefficients in (11.18) give rise to the symmetric Hessian
determinant

fio fo s
|H| =]/ [ T
s e B
whose successive principal minors may be denoted by
fll fl7
H,| = H,| = . H,| = |H
|H\| =/fi  [H] i |H;| = |H}

Thus, on the basis of the determinantal criteria for positive and negative definite-
ness, we may state the second-order sufficient condition for an extremum of z as
follows:

(11.19)  Zisa fm?"‘.imum}
\ minimum

f|H,| <0; |H, >0; |Hy] <0 (d?znegative definite)
|[H| >0 |Hy >0; [H;| >0 (d’z positive definite)

In using this condition, we must evaluate all the principal minors at the stationary
point where f, = f, = f; = 0.
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We may, of course, also apply the characteristic-root test and associate the
positive definiteness (negative definiteness) of d?z with the positivity (negativity)

fu fio 1
of all the characteristic roots of the Hessian matrix | fo1  f» f» |. In fact
o fo fs

instead of saying that the second-order total differential 42z is positive (negative)
definite, it is also acceptable to state that the Hessian matrix H (to be dis-
tinguished from the Hessian determinant |H|) is positive (negative) definite. In
this usage, however, note that the sign definiteness of H refers to the sign of the
quadratic form d?z with which H is associated, nor to the signs of the elements of
H per se.

Example I Find the extreme value(s) of
2=2x] + x;x, + 4x3 4 x,x; + x3+2

The first-order condition for extremum involves the simultaneous satisfaction of
the following three equations:

(fi=)4x,+ x;+ x;=0

(fi=) x; + 8x, =0

(=) x +2x;=0
Because this is a homogeneous linear-equation system, in which all the three
equations are independent (the determinant of the coefficient matrix does not
vanish), there exists only the single solution X, = ¥, = ¥; = 0. This means that

there is only one stationary value, z = 2.
The Hessian determinant of this function is

o S T 4 1 1
|H| =|fi1 Jf» fu|=/1 8 0
Hhi o fa o 2

the principal minors of which are all positive:
|Hi| =4 |Hy| =31 |H| =54

Thus we can conclude, by (11.9), that Z = 2 is a minimum.

Example 2 Find the extreme value(s) of
I= —x{ +3x.x; + 2x, — x3 — 3x3
The first partial derivatives are found to be
fi = =3x{+ 3x, L=2-2x, f3=3x, — 6x,

By setting all f; equal to zero. we get three simultaneous equations, one nonlinear
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and two linear:
—3x} +3x; =0
—2x, = -2
3x, —6x,=20

Il

Since the second equation gives X, = 1 and the third equation implies x| = 2X,,
substitution of these into the first equation yields two solutions:
o (0,1,0), implying Z = 1
( Xy, Xo, X3) = 17

(3.1,4). implying 7 =

The second-order partial derivatives, properly arranged, give us the Hessian

~6x, 0 3
|H| =| 0 -2 0
3 0 -6

in which the first element (—6x,) reduces to 0 under the first solution (with
%, = 0) and to — 3 under the second (with ¥, = 7). It is immediately obvious that
the first solution does not satisfy the second-order sufficient condition, since
{H,| = 0. We may, however, resort to the characteristic-root test for further
information. For this purpose, we apply the characteristic equation (11.14). Since
the quadratic form being tested is d-z, whose discriminant is the Hessian
determinant, we should, of course. substitute the elements of the Hessian for the
d.. elements in that equation. Hence the characteristic equation is (for the first

¥
solution)

—r 0 3
0 —2-r 0 =0
3 0 —-6—r

which, upon expansion, becomes the cubic equation

PP+ 8+ 3r—18=90
By trial and error, we are able to factor the cubic function and rewrite the above
equation as

(r+2)(r*+6r—9y=0

It is clear from the (r + 2) term that one of the characteristic roots is r; = —2.
The other two roots can be found by applying the quadratic formula to the other
term; they are r, = —3 + /72 . and r, = —3 — 1y/72. Inasmuch as -, and r, are
negative but r, is positive, the quadratic form ¢z is indefinite. thereby violating
the second-order necessary conditions for both a maximum and a minimum :.
Thus the first solution (Z = 1) is not an extremum at all, but an inflection point.

As for the second solution, the situation is simpler. Since the successive
principal minors

|H/| = -3 |H,| =6 and |Hy) = —18
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duly alternate in sign, the determinantal test is conclusive. According to (11.19),
the solution z = 47 is a maximum.

n-Variable Case

When there are n choice variables, the objective function may be expressed as
z=f(x), Xy, X,

The total differential will then be
dz = fidx, + fLdx, +--- + f dx,

so that the necessary condition for extremum (dz = O for arbitrary dx,) means
that all the # first-order partial derivatives are required to be zero.

The second-order differential d2z will again be a quadratic form, derivable
analogously to (11.18) and expressible by an n X n array. The coefficients of that
array, properly arranged, will now give the (symmetric) Hessian

fn flz e fln
|H| = le fzz e on
YT S
with principal minors [H,|, |H,]|,..., |H,|, as defined before. The second-order

sufficient condition for extremum is, as before, that all the # principal minors be
positive (for a minimum in z) and that they duly alternate in sign (for a maximum
in z), the first one being negative.

In summary, then—if we concentrate on the determinantal test—we have the
criteria as listed in Table 11.2, which is valid for an objective function of any
number of choice variables. As special cases, we can have n = 1 or n = 2. When
n = 1, the objective function is z = f(x), and the conditions for maximization,
fi=0and |H,] <0, reducetof'(x)=0and f"(x) < 0, exactly as we learned in
Sec. 9.4. Similarly, when n = 2, the objective function is z = f(x,, x,), so that the
first-order condition for maximum is f, = f, = 0, whereas the second-order

Table 11.2 Determinantal test for relative extremum: z = f(x, x,,..., x,)
Condition Maximum Minimum
First-order necessary condition fi=f=--=f=0 fi=fh=-—"=/=0
Second-order sufficient condition* [Hy| <0; [Hs| >0

‘]l}‘<0'~"';(*l)”‘H”f>0 ‘Hl|"i12‘ """ ‘]In|>0

*Applicable only after the first-order necessary condition has been satisfied.



THE CASE OF MORE THAN ONE CHOICE VARIABLE 337

sufficient condition becomes

f]l fll
fZl f22

which is merely a restatement of the information presented in Table 11.1.

fi <0 and =fiufo— />0

EXERCISE 114

Find the extreme values, if any, of the following five functions. Check whether they are
maxima or minima by the determinantal test.

1 2=x{+3x3 = 3x,x,+ 4x,x; + 6x3
2 2=29— (x{+x3+ x3)

32=x,X; + X7~ x2 4 Xaxy + x5+ 3%
4:=¢' ' +e +e" 2" - (x + 1)
§5-:=¢V+e "+ e“: - (2x+ 2" =)

Then answer thé following questions regarding Hessian matrices and their characteristic
roots:

6 («) Which of the above five problems yield diagonal Hessian matrices? In each such
case, do the diagonal elements possess a uniform sign?

(b) What can you conclude about the characteristic roots of each diagonal Hessian
matrix found? About the sign definiteness of d-z?

(¢) Do the results of the characteristic-root test check with those of the determinantal
test?
7 (a) Find the characteristic roots of the Hessian matrix for problem 3.

(b) What can you conclude from your results?

(¢) Is your answer to (b) consistent with the result of the determinantal test for
problem 3 above?

11.5 SECOND-ORDER CONDITIONS IN RELATION TO
CONCAVITY AND CONVEXITY

Second-order conditions— whether stated in terms of the principal minors of the
Hessian determinant or the characteristic roots of the Hessian matrix—are always
concerned with the question of whether a stationary point is the peak of a hill or
the bottom of a valley. In other words, they relate to how a curve, surface, or
hypersurface (as the case may be) bends itself around a stationary point. In the
single-choice-variable case, with z = f(x), the hill (valley) configuration is mani-
fest in an inverse U-shaped (U-shaped) curve. For the two-variable function
z = f(x. y), the hill (valley) configuration takes the form of a dome-shaped
(bowl-shaped) surface, as illustrated in Fig. 11.2a (Fig. 11.26). When three or
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more choice variables are present, the hills and valleys are no longer graphable,
but we may nevertheless think of “hills” and “ valleys” on hypersurfaces.

A function that gives rise to a hill (valley) over the entire domain is said to be
a concave (convex) function.* For the present discussion, we shall take the
domain to be the entire R”, where n is the number of choice variables. Inasmuch
as the hill and valley characterizations refer to the entire domain, concavity and
convexity are, of course, global concepts. For a finer classification, we may also
distinguish between concavity and convexity on the one hand, and strict concavity
and strict convexity on the other hand. In the nonstrict case, the hill or valley is
allowed to contain one or more flat (as against curved) portions, such as line
segments (on a curve) or line segments and plane segments (on a surface). The
presence of the word “strict,” however, rules out such line or plane segments. The
two surfaces shown in Fig. 11.2 illustrate strictly concave and strictly convex
functions, respectively. The curve in Fig. 6.5, on the other hand, is convex (it
shows a valley) but not strictly convex (it contains line segments). A strictly
concave (strictly convex) function must be concave (convex), but the converse is
not true.

In view of the association of concavity and strict concavity with a global hill
configurafion, an extremum of a concave function must be a peak—a maximum
(as against minimum). Moreover, that maximum must be an absolute maximum
(as against relative maximum), since the hill covers the entire domain. However,
that absolute maximum may not be unique, because multiple maxima may occur
if the hill contains a flat horizontal top. The latter possibility can be dismissed
only when we specify strict concavity. For only then will the peak consist of a
single point and the absolute maximum be unigue. A unique (nonunique) absolute
maximum is also referred to as a strong (weak) absolute maximum.

By analogous reasoning, an extremum of a convex function must be an
absolute (or global) minimum, which may not be unique. But an extremum of a
strictly convex function must be a unique absolute minimum.

In the preceding paragraphs, the properties of concavity and convexity are
taken to be global in scope. If they are valid only for a portion of the curve or
surface (only in a subset S of the domain), then the associated maximum and
minimum are relative (or local) to that subset of the domain, since we cannot be
certain of the situation outside of subset S. In our earlier discussion of the sign
definiteness of d’z (or of the Hessian matrix H ), we evaluated the principal
minors of the Hessian determinant only at the stationary point. By thus limiting
the verification of the hill or valley configuration to a small neighborhood of the
stationary point, we could discuss only relative maxima and minima. But it may
happen that d?z has a definite sign everywhere, regardless of where the principal
minors are evaluated. In that event, the hill or valley would cover the entire
domain, and the maximum or minimum found would be absolute in nature. More
specifically, if d°z is everywhere negative (positive) semidefinite, the function

* If the hill (valley) pertains only to a subset S of the domain, the function is said to be concave
{convex) on §S.
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z = f(x,, X5,-.., X,,) must be concave (convex), and if d?z is everywhere negative
(positive) definite, the function f must be strictly concave (strictly convex).

The preceding discussion is summarized in Fig. 11.5 for a twice continuously
differentiable function z = f(x,, x,,..., x,). For clarity, we concentrate exclu-
sively on concavity and maximum; however, the relationships depicted will
remain valid if the words “concave,” “negative,” and “maximum” are replaced,
respectively, by “convex,” “positive,” and “minimum.” To read Fig. 11.5, recall
that the = symbol (here elongated and even bent) means ““implies.” When that
symbol extends from one enclosure (say, a rectangle) to another (say, an oval), it

z=flx,,....X,)
is a stationary point
[first-order condition]

d?z is negative d?z is negative

definite at Z semidefinite at Z
[second-order sufficient [Second-orde_r.
condition] necessary condition]
Zisa
relative maximum
i fis

/s strictly
concave coneave

\x_—;& Zisan
absolute maximum \

d?z d?z
is is
everywhere everywhere
negative Z is a unique negative
semidefinite absolute maximum definite

Figure 11.5
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means that the former implies (is sufficient for) the latter; it also means that the
latter is necessary for the former. And when the = symbol extends from one
enclosure through a second to a third, it means that the first enclosure, when
accompanied by the second, implies the third.

In this light, the middle column in Fig. 11.5, read from top to bottom, states
that the first-order condition is necessary for Z to be a relative maximum, and the
relative-maximum status of 7 is, in turn, necessary for Z to be an absolute
maximum, and so on. Alternatively, reading that column from bottom to top, we
see that the fact that 7 is a unique absolute maximum is sufficient to establish 7 as
an absolute maximum, and the absolute-maximum status of 7 is, in turn, sufficient
for Z to be a relative maximum, and so forth. The three ovals at the top have to do
with the first- and second-order conditions at the stationary point z. Hence they
relate only to a relative maximum. The diamonds and triangles in the lower part,
on the other hand, describe global properties that enable us to draw conclusions
about an absolute maximum. Note that while our earlier discussion indicated only
that the everywhere negative semidefiniteness of d?z is sufficient for the concavity
of function f, we have added in Fig. 11.5 the information that the condition is
necessary, too. In contrast, the stronger property of everywhere negative definite-
ness of d?z is sufficient, but not necessary, for the strict concavity of f—because
strict concavity of fis compatible with a zero value of d*z at a stationary point.

The most important message conveyed by Fig. 11.5, however, lies in the two
extended = symbols passing through the two diamonds. The one on the left
states that, given a concave objective function, any stationary point can im-
mediately be identified as an absolute maximum. Proceeding a step further, we
see that the one on the right indicates that if the objective function is strictly
concave, the stationary point must in fact be a unique absolute maximum. In
either case, once the first-order condition is met, concavity or strict concavity
effectively replaces the second-order condition as a sufficient condition for maxi-
mum-—nay, for an absolute maximum. The powerfulness of this new sufficient
condition becomes clear when we recall that dz can happen to be zero at a peak,
causing the second-order sufficient condition to fail. Concavity or strict concavity,
however, can take care of even such troublesome peaks, because it guarantees that
a higher-order sufficient condition is satisfied even if the second-order one is not.
It is for this reason that concavity is often assumed from the very outset when a
maximization model is to be formulated with a general objective function (and,
similarly, convexity is often assumed for a minimization model). For then all one
needs to do is to apply the first-order condition. Note, however, that if a specific
objective function is used, the property of concavity or convexity can no longer
simply be assumed. Rather, it must be checked.

Checking Concavity and Convexity

Concavity and convexity, strict or nonstrict, can be defined (and checked) in
several ways. We shall first introduce a geometric definition of concavity and
convexity for a two-variable function z = f(x,, x,), similar to the one-variable
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version discussed in Sec. 9.3:

The function z = f(x,, x,) is concave (convex) iff, for any pair of distinct
pomnts M and N on its graph—a surface—line segment MAN lies either on or
below (above) the surface. The function is strictly concave (strictly convex) iff
line segment MN lies entirely below (above) the surface, except at M and N.

The case of a strictly concave function is illustrated in Fig. 11.6, where M and N,
two arbitrary points on the surface, are joined together by a broken line segment
as well as a solid arc, with the latter consisting of points on the surface that lie
directly above the line segment. Since strict concavity requires line segment MN
to lie entirely below arc MN (except at M and N) for any pair of points M and N,
the surface must typically be dome-shaped. Analogously, the surface of a strictly
convex function must typically be bowl-shaped. As for (nonstrictly) concave and
convex functions, since line segment MN is allowed to lie on the surface itself,
some portion of the surface, or even the entire surface, may be a plane—flat,
rather than curved.

To facilitate generalization to the nongraphable n-dimensional case, the
geometric definition needs to be translated into an equivalent algebraic version.
Returning to Fig. 11.6, let u = (u,, u,) and v = (v,, v,) be any two distinct
ordered pairs (2-vectors) in the domain of z = f( x|, x,). Then the z values (height
of surface) corresponding to these will be f(u) = f(u,, u,) and f(v) = f(v,. v,),
respectively. We have assumed that the variables can take all real values, so if u
and v are in the domain, then all the points on the line segment uv are also in the

flou+ (1-6) ]

——— 5
2
X

Figure 11.6
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domain. Now each point on the said line segment is in the nature of a “weighted
average” of u and v. Thus we can denote this line segment by fu + (1 — 8)v.
where # (the Greek letter theta)—unlike u and v—is a (variable) scalar with the
range of values 0 < # < 1.* By the same token, line segment MN, representing
the set of all weighted averages of f(u) and f(v). can be expressed by 8f(u) +
(1 — 68)f(v), with 8 again varying from 0 to 1. What about arc MN along the
surface? Since that arc shows the values of the function f evaluated at the various
points on line segment uv, it can be written simply as f[fu + (1 — 6)v]. Using
these expressions, we may now state the following algebraic definition:

A function f is { ggggﬁ;’e} iff. for any pair of distinct points u and v in the

domain of f, and for 0 < 4 < 1,

(1120)  8f(u) + (1 — ) f(v) { } F[6u+ (1-8)0]

height of line segment height of arc

VA

Note that, in order to exclude the two end points M and N from the height
comparison, we have restricted 8 to the open interval (0, 1) only.

This definition is easily adaptable to strict concavity and convexity by
changing the weak inequalities < and > to the strict inequalities < and > ,
respectively. The advantage of the algebraic definition is that it can be applied to
a function of any number of variables, for the vectors ¥ and v in the definition
can very well be interpreted as n-vectors instead of 2-vectors.

From (11.20), the following three theorems on concavity and convexity can
be deduced fairly easily. These will be stated in terms of functions f(x) and g(x),
but x can be interpreted as a vector of variables; that is, the theorems are valid
for functions of any number of variables.

Theorem I (linear function) If f(x) is a linear function, then it is a concave
function as well as a convex function, but not strictly so.

Theorem II (negative of a function) If f(x) is a concave function, then
—/f(x) 1s a convex function, and vice versa. Similarly, if f(x) is a strictly concave
function, then —f(x) is a strictly convex function, and vice versa.

Theorem IIl  (sum of functions) If /(x) and g(x) are both concave (convex)
functions, then f(x) + g(x) is also a concave (convex) function. If f(x) and g(x)

* The weighted-average expression fu + (1 — 8)v, for any specific value of 8 between 0 and 1. is
technically known as a convex combination of the two vectors u and v. Leaving a more detailed
explanation of this to a later point of this section, we may note here that when 6 = 0, the given
expression reduces to vector v and similarly that when # = 1, the expression reduces to vector u. An
intermediate value of #, on the other hand, gives us an average of the two vectors u and ¢.
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are both concave (convex) and, in addition, either one or both of them are strictly
concave (strictly convex), then f(x) + g(x) is strictly concave (strictly convex).

Theorem I follows from the fact that a linear function plots as a straight line,
plane, or hyperplane, so that “line segment MN ~ always coincides with “arc
MN.” Consequently, the equality part of the two weak inequalities in (11.20) are
simultaneously satisfied, making the function qualify as both concave and convex.
However, since it fails the strict-inequality part of the definition, the linear
function is neither strictly concave nor strictly convex.

Underlying Theorem II is the fact that the definitions of concavity and
convexity differ only in the sense of inequality. Suppose that f(x) is concave; then

6f(u) + (1 —8)f(v)<f[Ou+ (1 —-6)v]

Multiplying through by — 1, and duly reversing the sense of the inequality, we get
o[-f()] + (1 =0)[—f(o)] = —f[8u+ (1 -6)0]

This, however, is precisely the condition for —f(x) to be convex. Thus the
theorem is proved for the concave f(x) case. The geometric interpretation of this
result is very simple: the mirror image of a hill with reference to the base plane or
hyperplane is a valley. The other cases can be proved similarly.

To see the reason behind Theorem III, suppose that f(x) and g(x) are both
concave. Then the following two inequalities hold:

(11.21) 0f(u)y+ (1 —8)f(v)<f[6u+ (1 -06)v]
(11.22) fg(u)+ (1 —0)g(v) < g[lu+(1-6)v]
Adding these, we obtain a new inequality
(1123)  6[7(w) +g(w)] + (1 - 6)[ f(v) + g(v)]
<f{Ou+ (1-8)v]+g[0u+(1—6)v]

But this i1s precisely the condition for [ f(x) + g{x)] to be concave. Thus the
theorem is proved for the concave case. The proof for the convex case is similar.

Moving to the second part of Theorem III, let f(x) be strictly concave. Then
(11.21) becomes a strict inequality:

(11.21)  8f(u)+ (1= 8)f(v) < f[6u+ (1 —8)v]

Adding this to (11.22), we find the sum of the left-side expressions in these two
inequalities to be strictly less than the sum of the right-side expressions, regardless
of whether the < sign or the = sign holds in (11.22). This means that (11.23) now
becomes a strict inequality, too, thereby making [ f{x) + g(x)] strictly concave.
Besides, the same conclusion emerges a fortiori, if g(x) is made strictly concave
along with f(x), that is, if (11.22) is converted into a strict inequality along with
(11.21). This proves the second part of the theorem for the concave case. The
proof for the convex case is similar.



344 OPTIMIZATION PROBLEMS

This theorem, which is also valid for a sum of more than two concave
(convex) functions, may prove useful sometimes because it makes possible the
compartmentalization of the task of checking concavity or convexity of a function
that consists of additive terms. If the additive terms are found to be individually
concave (convex), that would be sufficient for the sum function to be concave
(convex).

Example 1 Check z = x{ + x3 for concavity or convexity. To apply (11.20), let
u = (uy, u,) and v = (v, v,) be any two distinct points in the domain. Then we
have

flu) = fuy uy) = uf + u3
f(v) =f(v,,0,) =07 + 03
and  f[8u+ (1 —60)v] =f|0u, + (1 —8)o,,0u,+ (1~8)v,

YT
value of x, value of x,

= [6u, + (1 - 8)o,]* + [0u, + (1 - §)v,]°

Substituting these into (11.20), subtracting the right-side expression from the
left-side one, and collecting terms, we find their difference to be

0(1 — 0)(uf +u3) +6(1 — 6)(0} + v3) = 20(1 — 0)(u,v, + uv,)

=601 - 9)[(“1 - vl)2 + (u, — 02)2]

Since 8 is a positive fraction, 6(1 — §) must be positive. Moreover, since (u,, u,)
and (v,, v,) are distinct points, so that either u, # v, or u, + v, (or both), the
bracketed expression must also be positive. Thus the strict > inequality holds in
(11.20), and z = x{ + x2 is strictly convex.

Alternatively, we may check the xi and x3 terms separately. Since each of
them is individually strictly convex, their sum is also strictly convex.

Because this function is strictly convex, it possesses a unique absolute
minimum. It is easy to verify that the said minimum is 7 = 0, attained at
X, =X, =0, and that it is indeed absolute and unique because any ordered pair
(x,. x,) # (0,0) yields a z value greater than zero.

Example 2 Check z = —x] — x3 for concavity or convexity. This function is the
negative of the function in Example 1. Thus, by Theorem I, it is strictly concave.

Example 3 Check z = (x + y)? for concavity or convexity. Even though the
variables are denoted by x and y instead of x, and x,, we can still let u = (u,, u,)
and v = (v, v,) denote two distinct points in the domain, with the subscript i
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referring to the ith variable. Then we have
f) = fuuy) = (u + 1)’
f(v) = f(oy03) = (0, + 0)°
and  f[Ou+ (1—8)v]=[0u, + (1 —8)o, +0u, +(1 — 8)v,]°
= [6(u, + uy) + (1 = 8)(v, + v,)]°

Substituting these into (11.20), subtracting the right-side expression from the
left-side one, and simplifying, we find their difference to be

6(1 — 6)(u, + u2)2 —20(1 = 6)(u, + uy)(v, +v,) +6(1 = 8)(v, + 02)2

=6(1 - 0)[(“1 +uy) — (o + Uz)]2
As in Example 1, 8(1 — 6) is positive. The square of the bracketed expression is
nonnegative (zero cannot be ruled out this time). Thus the > inequality holds in
(11.20), and the function (x + y)? is convex, though not strictly so.
Accordingly, this function has an absolute minimum that may not be unique.
It is easy to verify that the absolute minimum is Z = 0, attained whenever
X + 7 = 0. That this is an absolute minimum is clear from the fact that whenever
x + y # 0, z will be greater than z = 0. That it is not unique follows from the fact
that an infinite number of (X, ) pairs can satisfy the condition X + y = 0.

Differentiable Functions

As stated in (11.20), the definition of concavity and convexity uses no derivatives
and thus does not require differentiability. If the function is differentiable,
however, concavity and convexity can also be defined in terms of its first
derivatives. In the one-variable case, the definition is:

concave

A differentiable function f(x) is { CONVeX

other point v in the domain,

} iff, for any given point 4 and any

(11.24)  f(v) {

VA

b+ 7)o )

Concavity and convexity will be stricr, if the weak inequalities in (11.24) are
replaced by the strict inequalities < and > , respectively. Interpreted geometri-
cally, this definition depicts a concave (convex) curve as one that lies on or below
(above) all its tangent lines. To qualify as a strictly concave (strictly convex)
curve, on the other hand, the curve must lie strictly below (above) all the tangent
lines, except at the points of tangency.

In Fig. 11.7, let point A be any given point on the curve, with height f(u) and
with tangent line AB. Let x increase from the value u. Then a strictly concave
curve (as drawn) must, in order to form a hill, curl progressively away from the
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Figure 11.7

tangent line 4B, so that point C, with height f(v), has to lie below point B. In
this case, the slope of line segment 4 C is less than that of tangent AB. If the curve
is nonstrictly concave, on the other hand, it may contain a line segment, so that,
for instance, arc AC may turn into a line segment and be coincident with line
segment A B, as a linear portion of the curve. In the latter case the slope of AC is
equal to that of AB. Together, these two situations imply that

DC 1\ f(o) ~ /(u)

Slope of line segment AC = =D P—

< (slope of AB =) f"(u)
When multiplied through by the positive quantity (v — ), this inequality yields
the result in (11.24) for the concave function. The same result can be obtained, if
we consider instead x values less than u.

When there are two or more independent variables, the definition needs a
slight modification:

. . . ../ concave\ . .
A differentiable function f(x) = f(x,..... x,)is { convex } iff, for any given
point u = (u,,.... u,) and any other point v = (v,,..., v,) in the domain.

ANICIE WA

=1

(11.24)  f(v) {

IV A

where f (u) = df/0dx; is evaluated at u = (u..... u,).

This definition requires the graph of a concave (convex) function f(x) to lie on or
below (above) all its tangent planes or hyperplanes. For strict concavity and
convexity, the weak inequalities in (11.24') should be changed to strict inequali-
ties, which would require the graph of a strictly concave (strictly convex) function
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to lie strictly below (above) all its tangent planes or hyperplanes, except at the
points of tangency.

Finally, consider a function z = f(x,,..., x,) which is twice continuously
differentiable. For such a function, second-order partial derivatives exist, and thus
d?z is defined. Concavity and convexity can then be checked by the sign of d 2z

(11.25)

A twice continuously differentiable function z = f(x,,..., x,) is < concave}

convex
negative

.. } semidefinite. The said function
positive

if, and only if, d°z is everywhere {

concave

negative
convex

. . 2 . -
} if (but nor only if) d°z is everywhere {positive

is strictly {
definite.

You will recall that the concave and strictly concave aspects of (11.25) have
already been incorporated into Fig. 11.5.

Example 4 Check z = —x* for concavity or convexity by the derivative condi-
tions. We first apply (11.24). The left- and right-side expressions in that inequality
are in the present case —v* and —u* — 4u’(v — u), respectively. Subtracting the
latter from the former, we find their difference to be

ot — ud

+ 4’ [factoring]

—o*+ut+ 4wt (v —u)=(v— u)(—

={v— u)[—(v3 + v?u + vu* + u’) +4u3]

[by (7.2)]

It would be nice if the bracketed expression turned out to be divisible by (v — u),
for then we could again factor out (v — u) and obtain a squared term (v — u)? to
facilitate the evaluation of sign. As it turns out, this is indeed the case. Thus the
difference cited above can be written as

— (v — u)’ o>+ 2ou + 3u*] = — (v — u)z[(v +u) + 2u2]

Given that v # u, the sign of this expression must be negative. With the strict <
inequality holding in (11.24), the function z = —x* is strictly concave. This
means that it has a unique absolute maximum. As can be easily verified, that
maximum is Z = 0, attained at X = 0.

Because this function is twice continuously differentiable, we may also apply
(11.25). Since there is only one variable, (11.25) gives us

d*z = f’(x) dx? = —12x dx’ [by (11.2)]

We know that dx? is positive (only nonzero changes in x are being considered);
but — 12x? can be either negative or zero. Thus the best we can do is to conclude
that d?z is everywhere negative semidefinite, and that z = —x* is (nonstrictly)
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concave. This conclusion from (11.25) is obviously weaker than the one obtained
earlier from (11.24); namely, z = —x* is strictly concave. What limits us to the
weaker conclusion in this case is the same culprit that causes the second-deriva-
tive test to fail on occasions—the fact that d?z may take a zero value at a
stationary point of a function known to be strictly concave, or strictly convex.
This is why, of course, the negative (positive) definiteness of d?z is presented in
(11.25) as only a sufficient, but not necessary, condition for strict concavity (strict
convexity).

Example 5 Check z = x{ + x3 for concavity or convexity by the derivative
conditions. This time we have to use (11.24) instead of (11.24). With u = (u,, u,)
and v = (v, v,) as any two points in the domain, the two sides of (11.24") are

Left side = v} + v3
Right side = u + w3 + 2u, (v, — u,) + 2uy (v, — u,)
Subtracting the latter from the former, and simplifying, we can express their
difference as
ol = 20Uy + ul + 03 — 205, + ud = (v, —u)’ + (v, - u,)

Given that (v, v,) # (u,, u,), this difference is always positive. Thus the strict >
inequality holds in (11.24"), and z = xj + x3 is strictly convex. Note that the
present result merely reaffirms what we have previously found in Example 1.

As for the use of (11.25), since f, = 2x,, and f, = 2x,, we have

2.0
fu fi _ —4>90
Lo Ja] |02

regardless of where the second-order partial derivatives are evaluated. Thus d?z is
everywhere positive definite, which duly satisfies the sufficient condition for strict
convexity. In the present example, therefore, (11.24") and (11.25) do yield the
same conclusion.

fMm=2>0 and

Convex Functions versus Convex Sets

Having clarified the meaning of the adjective “convex™ as applied to a function,
we must hasten to explain its meaning when used to describe a ser. Although
convex sets and convex functions are not unrelated, they are distinct concepts,
and it is important not to confuse them.

For easier intuitive grasp, let us begin with the geometric characterization of a
convex set. Let § be a set of points in a 2-space or 3-space. If, for any two points
in set S, the line segment connecting these two points lies entirely in S, then S is
said to be a convex set. It should be obvious that a straight line satisfies this
definition and constitutes a convex set. By convention, a set consisting of a single
point is also considered as a convex set, and so is the null set (with no point). For
additional examples, let us look at Fig. 11.8. The disk—namely, the ““solid” circle,
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a circle plus all the points within it—1is a convex set, because a line joining any
two points in the disk lies entirely in the disk, as exemplified by ab (linking two
boundary points) and cd (linking two interior points). Note, however, that a
(hollow) circle is not in itself a convex set. Similarly, a triangle, or a pentagon, is
not in itself a convex set, but its solid version is. The remaining two solid figures
in Fig. 11.8 are not convex sets. The palette-shaped figure is reentrant (indented);
thus a line segment such as gh does not lie entirely in the set. In the key-shaped
figure, moreover, we find not only the feature of reentrance, but also the presence
of a hole, which is yet another cause of nonconvexity. Generally speaking, to
qualify as a convex set, the set of points must contain no holes, and its boundary
must not be indented anywhere.

The geometric definition of convexity also applies readily to point sets in a
3-space. For instance, a solid cube is a convex set, whereas a hollow cylinder is
not. When a 4-space or a space of higher dimension is involved, however, the
geometric interpretation becomes less obvious. We then need to turn to the
algebraic definition of convex sets.

To this end, it is useful to introduce the concept of convex combination of
vectors (points), which is a special type of linear combination. A linear combina-
tion of two vectors 4 and v can be written as

kau+ kyv
where k; and k, are two scalars. When these two scalars both lie in the closed
interval {0, 1] and add up to unity, the linear combination is said to be a convex

combination, and can be expressed as

(1126) 6fu+(1-60)v (0<h<1)

310 319
view of the fact that these two scalar multipliers are positive fractions adding up

o
&

. . . 1 2 ) .
As an illustration, the combination —[ 2} + —[4] is a convex combination. In

b

Figure 11.8
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Figure 11.9

to 1, such a convex combination may be interpreted as a weighted average of the
two vectors.*

The unique characteristic of the combination in (11.26) is that, for every
acceptable value of 6, the resulting sum vector lies on the line segment connecting
the points  and v. This can be demonstrated by means of Fig. 11.9, where we

u v
have plotted two vectors u = [ul ] and v = [Ul] as two points with coordinates
2 2

(uy, uy) and (v, vy), respectively. If we plot another vector ¢ such that Oguv
forms a parallelogram, then we have (by virtue of the discussion in Fig. 4.3)

u=qg+v or g=u—v

It follows that a convex combination of vectors « and v (let us call it w) can be
expressed in terms of vector g, because

w=0u+(1-60)o=0u+v—0v=0u—v)+v==0g+0v

Hence, to plot the vector w, we can simply add fq and v by the familiar
parallelogram method. If the scalar § is a positive fraction, the vector g will
merely be an abridged version of vector g; thus g must lie on the line segment
Og. Adding g and v, therefore, we must find vector w lying on the line segment
uv, for the new, smaller parallelogram is nothing but the original parallelogram
with the qu side shifted downward. The exact location of vector w will, of course,
vary according to the value of the scalar #; by varying @ from zero to unity, the
location of w will shift from v to u. Thus the set of all points on the line segment
uv, including ¥ and v themselves, corresponds to the set of all convex combina-
tions of vectors u and v.

* This interpretation has been made use of earlier in the discussion of concave and convex
functions.
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In view of the above, a convex set may now be redefined as follows: A set S is
convex if and only if, for any two points ¥ € S and v € S. and for every scalar
6 = [0.1], it is true that w = fu + (1 — §)v € S. Because this definition is
algebraic. it is applicable regardless of the dimension of the space in which the
vectors # and v are located. Comparing this definition of a convex set with that of
a convex function in (11.20), we see that even though the same adjective “convex”
is used in both. the meaning of this word changes radically from one context to
the other. In describing a function, the word “convex” specifies how a curve or
surface bends itself—it must form a valley. But in describing a set, the word
specifies how the points in the set are packed” together—they must not allow
any holes to arise, and the boundary must not be indented. Thus convex functions
and convex sets are clearly distinct mathematical entities.

Yet convex functions and convex sets are not unrelated. For one thing, in
defining a convex function, we need a convex set for the domain. This is because
the definition (11.20) requires that. for any two points « and v in the domain, all
the convex combinations of u and v—specifically, fu + (1 — 8)v, 0 <8 <
1— must also be in the domain. which is, of course, just another way of saying
that the domain must be a convex set. To satisfy this requirement, we adopted
earlier the rather strong assumption that the domain consists of the entire n-space
(where n is the number of choice variables), which is indeed a convex set.
However, with the concept of convex sets at our disposal, we can now substan-
tially weaken that assumption. For all we need to assume is that the domain is a
convex subset of R", rather than R” utself.

There is yet another way in which convex functions are related to convex sets.
If f(x) is a convex function, then for any constant k. it can give rise to a convex
set

(11.27)  S=={x|f(x) <k} [ f(x) convex]

This is illustrated in Fig. 11.10a for the one-variable case. The set $= consists of
all the x values associated with the segment of the f(x) curve lying on or below
the broken horizontal line. Hence it is the line segment on the horizontal axis
marked by the heavy dots, which is a convex set. Note that if the k value is
changed, the S= set will become a different line segment on the horizontal axis,
but it will still be a convex set.

Going a step further, we may observe that even a concave function is related
to convex sets in ways similar. First. the definition of a concave function in
(11.20) is. like the convex-function case. predicated upon a domain that is a
convex set. Moreover, even a concave function—say, g(x)—can generate an
associated convex set, given some constant k. That convex set 1s

(11.28) S = {x|glx)=k) [g(x) concave]

in which the > sign appears instead of < . Geometrically, as shown in Fig.
11.104 for the one-variable case, the set S= contains all the x values correspond-
ing to the segment of the g(x) curve lying on or above the broken horizontal line.
Thus it is again a line segment on the horizontal axis—a convex set.
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Although Fig. 11.10 specifically illustrates the one-variable case, the defini-
tions of $= and S$* in (11.27) and (11.28) are not limited to functions of a single
variable. They are equally valid if we interpret x to be a vector, ie., let
X = (xy,..., x,). In that case, however, (11.27) and (11.28) will define convex sets
in the n-space instead. It is important to remember that while a convex function
implies (11.27), and a concave function implies (11.28), the converse is not
true—for (11.27) can also be satisfied by a nonconvex function and (11.28) by a
nonconcave function. This is discussed further in Sec. 12.4.

EXERCISE 11.5

1 Use (11.20) to check whether the following functions are concave, convex, strictly
concave, strictly convex, or neither:
(a) z=x" (b)z=x,2+2x§' (¢) z=2x2—xy+y2

2 Use (11.24) or (11.24%) to check whether the following functions are concave, convex,
strictly concave, strictly convex, or neither:
(@)z=—-x>  (Bz=(x+x)  ()zr=-xp

3 In view of your answer to problem 2¢ above, could you have made use of Theorem III
of this section to compartmentalize the task of checking the function z = 2x? — xy + y?
in problem lc¢? Explain your answer.

4 Do the following constitute convex sets in the 3-space?
(a) A doughnut (b) A bowling pin (¢) A perfect marble

5 The equation x* + y* = 4 represents a circle with center at (0,0) and with a radius of 2.
(a) Interpret geometrically the set {((x, y) | x> + y? < 4).
(b) Is this set convex?
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6 Graph each of the following sets, and indicate whether it is convex:
(a) {(x. )|y =¢€") () {{x, )y <13 -x%)
(b)) {{(x,¥)|y=e") (d) {(x,y)|xy=Lix>0,y>0)

10

7G1venu=[ 6

and ¢?

w1l w2 @[

8 Given two vectors u and v in the 2-space, find and sketch:
(a) The set of all linear combinations of u and v
(b) The set of all nonnegative linear combinations of u and v
(¢) The set of all convex combinations of u and v

] and v = [g] which of the following are convex combinations of u

9 (a) Rewrite (11.27) and (11.28) specifically for the cases where the f and g functions
have » independent variables.

(b) Let n = 2, and let the function f be shaped like a (vertically held) ice-cream cone
whereas the function g is shaped like a pyramid. Describe the sets $° and S~ .

11.6 ECONOMIC APPLICATIONS

At the beginning of this chapter, the case of a multiproduct firm was cited as an
illustration of the general problem of optimization with more than one choice
variable. We are now equipped to handle that problem and others of a similar
nature.

Problem of a Multiproduct Firm

Example I Let us first postulate a two-product firm under circumstances of pure
competition. Since with pure competition the prices of both commodities must be
taken as exogenous, these will be denoted by P, and P,;. respectively. Accord-
ingly, the firm’s revenue function will be

R =P, Q) + P,,0,

where Q, represents the output level of the ith product per unit of time. The firm’s
cost function is assumed to be

C =201+ 00, +20

Note that dC/3Q, = 4Q, + Q, (the marginal cost of the first product) is a
function not only of Q, but also of Q,. Similarly, the marginal cost of the second
product also depends, in part, on the output level of the first product. Thus,
according to the assumed cost function, the two commodities are seen to be
technically related in production.

The profit function of this hypothetical firm can now be written readily as

7=R—C=P,0Q, + PyQ, — 2Q12 - 0,0, — 2Q§
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a function of two choice variables (Q, and Q,) and two price parameters. It is our
task to find the levels of Q, and @, which, in combination, will maximize =. For
this purpose, we first find the first-order partial derivatives of the profit function:

d
WI(EH—QW_I)ZPIO_“'QE -
29
(11.29) o o »
772(— BQz)_ 0 — @) 0,

Setting these both equal to zero, to satisfy the necessary condition for maximum,
we get the two simultaneous equations

40, + 0, = P},

Q) 40, = Py

which yield the unique solution
= 4P10“P20 —_4P20‘P10
Q=" and Q= =3

Thus, if P, =12 and Py, = 18, for example, we have Q, =2 and Q, = 4,
implying an optimal profit 7 = 48 per unit of time.

To be sure that this does represent a maximum profit, let us check the
second-order condition. The second partial derivatives, obtainable by partial
differentiation of (11.29), give us the following Hessian:

™ T2y -4 -1
1| = T Ty —‘ -1 —4|
Since |H,| = —4 < 0and |H,| = 15 > 0, the Hessian matrix (or d°z) is negative

definite, and the solution does maximize the profit. In fact, since the signs of the
principal minors do not depend on where they are evaluated, d?z is in this case
everywhere negative definite. Thus, according to (11.25), the objective function
must be strictly concave, and the maximum profit found above is actually a
unique absolute maximum.

Example 2 Let us now transplant the problem of Example 1 into the setting of a
monopolistic market. By virtue of this new market-structure assumption, the
revenue function must be modified to reflect the fact that the prices of the two
products will now vary with their output levels (which are assumed to be identical
with their sales levels, no inventory accumulation being contemplated in the
model). The exact manner in which prices will vary with output levels is, of
course, to be found in the demand functions for the firm’s two products.

Suppose that the demands facing the monopolist firm are as follows:
Q, =40-2P, + P
(11.30) ‘ b
Q,=15+ P -P

These equations reveal that the two commodities are related in consumption,
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specifically, they are substitute goods, because an increase in the price of one will
raise the demand for the other. As given, (11.30) expresses the quantities de-
manded @, and @, as functions of prices, but for our present purposes it will be
more convenient to have prices P, and P, expressed in terms of the sales volumes
Q, and Q,. that is, to have average-revenue functions for the two products. Since
(11.30) can be rewritten as

2P+ P,=0 —40
Pi—P=0,-15

we may (considering @, and Q, as parameters) apply Cramer’s rule to solve for P,
and P, as follows:

P =5-0Q, -
(11.30") ! 4 Q2
Py=70-0Q,-20,

These constitute the desired average-revenue functions, since P, = AR, and
P, = AR,.
Consequently, the firm’s total-revenue function can be written as

R=PQ + P00,
=(55-0,-0,)0,+ (70 -0, -20,)0,  [by (11.30')]
=550, + 700, - 20,0, - le - 2Q22
If we again assume the total-cost function to be
C=0f+ 00, + 03
then the profit function will be
(11.31) 7=R—C=550,+70Q, — 30,0, - 207 — 303

which is an objective function with two choice variables. Once the profit-maximiz-
ing output levels O, and Q, are found. however, the optimal prices P, and P, are
easy enough to find from (11.30").

The objective function yields the following first and second partial deriva-
tives:

Il

™ =55-30,-40, = =70-30Q, - 60,

™= —4 Ty =Ty = =3 Ty = —6

To satisfy the first-order condition for a maximum of #, we must have 7, = =, = 0;
that is,

40, + 3Q, = 55
30, +6Q, =10

Thus the solution output levels (per unit of time) are
(01.0,)=(8,73)

Upon substitution of this result into (11.30") and (11.31), respectively, we find
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that

P, =39} P, = 463 and 7 = 488} (per unit of time)
Inasmuch as the Hessian is :g :g , we have

|H,| = —4<0 and |[Hy = 15>0

so that the value of 7 does represent the maximum profit. Here, the signs of the
principal minors are again independent of where they are evaluated. Thus the
Hessian matrix is everywhere negative definite, implying that the objective
function is strictly concave and that it has a unique absolute maximum.

Price Discrimination

Even in a single-product firm, there can arise an optimization problem involving
two or more choice variables. Such would be the case, for instance, when a
monopolistic firm sells a single product in two or more separate markets (e.g.,
domestic and foreign) and therefore must decide upon the quantities (Q,, Q.
etc.) to be supplied to the respective markets in order to maximize profit. The
several markets will, in general, have different demand conditions, and if demand
elasticities differ in the various markets, profit maximization will entail the
practice of price discrimination. Let us derive this familiar conclusion mathemati-
cally.

Example 3 For a change of pace, this time let us use three choice variables, i.e.,
assume three separate markets. Also, let us work with general rather than
numerical functions. Accordingly, our monopolistic firm will simply be assumed
to have total-revenue and total-cost functions as follows:

R = Rl(QI) + Rz(Qz) + R3(Q3)
C=C(0) where @ = Q, + 0, + O,

Note that the symbol R, represents here the revenue function of the ith
market, rather than a derivative in the sense of f;- Each such revenue function
naturally implies a particular demand structure, which will generally be different
from those prevailing in the other two markets. On the cost side, on the other
hand, only one cost function is postulated, since a single firm is producing for all
three markets. In view of the fact that Q = Q, + Q, + Q5. total cost C is also
basically a function of Q,, Q,, and Q;, which constitute the choice variables of
the model. We can, of course, rewrite C(Q) as C(Q, + Q, + Q5). It should be
noted, however, that even though the latter version contains three independent
variables, the function should nevertheless be considered as having a single
argument only, because the sum of Q, is really a single entity. In contrast, if the
function appears in the form C(Q,. Q,. Q5), then there can be counted as many
arguments as independent variables.
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Now the profit function is

7 =R,(Q)) + Ry(Q;) + R4(Q;) - C(Q)
with first partial derivatives 7. = d=/9Q, (for i = 1,2, 3) as follows:*
|

m = Ri(Q)) - C'(Q)gg% ~Ri(Q) - C(Q) |since 5Q% —1

(11.32) = Ry(Q,) = C(Q) 55 aQ = R3(Q;) — C"(Q)  |since 3iQQ—z -1

d [ 9 ]
7 = Ry(Q3) — C'(Q)-@% — Ry(Qs) - C(Q)  |since a—Q% - 1]

Setting these equal to zero simultaneously will give us

C,(Q) = RII(QI) = R/z(Qz) = RS(Q})
That is,
MC = MR, = MR, = MR,

Thus the levels of Q,, Q,, and Q should be chosen such that the marginal
revenue in each market is equated to the marginal cost of the total output Q.

To see the implications of this condition with regard to price discrimination,
let us first find out how the MR in any market is specifically related to the price in
that market. Since the revenue in each market is R, = P,Q,, it follows that the
marginal revenue must be

M _ 4R, _ 40, dp,
R =g, ~ag, " Crag,
=P,1+5—S%)=Pl(l+%) [by (8.4)]
i i di

where ¢, the point elasticity of demand in the ith market, is normally negative.
Consequently, the relationship between MR, and P, can be expressed alternatively
by the equation

(11.33) MR=P,.(1— 1 )
eyl

Recall that |e,,| is, in general, a function of P, so that when Q, is chosen, and P,

thus specified, |e,,| will also assume a specific value, which can be either greater

than, or less than, or equal to one. But if |e,,| < 1 (demand being inelastic at a

point), then its reciprocal will exceed one, and the parenthesized expression in

(11.33) will be negative, thereby implying a negative value for MR ;. Similarly, if

* Note that, to find dC/3Q;, the chain rule is used:
aC _ dC 3Q
aQ, dQ 90,
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le;;| = 1 (unitary elasticity), then MR, will take a zero value. Inasmuch as a firm’s
MC is positive, the first-order condition MC = MR, requires the firm to operate
at a positive level of MR,. Hence the firm’s chosen sales levels Q; must be such
that the corresponding point elasticity of demand in each market is greater than
one.

The first-order condition MR, = MR, = MR, can now be translated, via
(11.33), into the following:

1 1 1
Pll—— | =PIl —-———|=P|] -2
l( leg | ) 2( €4 ) 3( €431 )

From this it can readily be inferred that the smaller the value of |g,| (at the
chosen level of output) in a particular market, the higher the price charged in that
market must be—hence, price discrimination—if profit is to be maximized.

To ensure maximization, let us examine the second-order condition. From
(11.32), the second partial derivatives are found to be

mi = RI(Q) - C(Q)35 = RI(Q)) = C"(Q)

d

me = RY(Q:) - C(0) 55~ = R3(0:) - €(Q)
d :

ms = RI(Q5) - C'(Q)32 = RY(Q,) - €(©)

and Ty =Ty = T3 = My =3 = 13, = —C(Q) [Since % = 1}

so that we have (after shortening the second-derivative notation)
Ry —C” -C” -C”
|H| =| —-C” Ry - C” -C”
-C” -C” Ry, —C”

The second-order sufficient condition will thus be duly satisfied, provided we
have:

1. |H,| = R} — C” < 0; that is, the slope of MR, is less than the slope of MC
of the entire output [cf. the situation of point L in Fig. 9.6¢]. (Since any of the
three markets can be taken as the “first” market, this in effect also implies
Ry —C”"<0and Ry — C”" <0.)

2. |H,| = (R} = C"Y(R% — C")—(C")* > 0; or, RYR; — (R} + R5)C" > 0

3. |H;| = RYR5RY — (RYRY + RYRY + R5R)C" <0

The last two parts of this condition are not as easy to interpret economically as
the first. Note that had we assumed that the general R,(Q;) functions are all
concave and the general C(Q) function is convex, so that — C(Q) is concave, then
the profit function—the sum of concave functions—could have been taken to be
concave, thereby obviating the need to check the second-order condition.
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Example 4 To make the above example more concrete, let us now give a
numerical version. Suppose that our monopolistic firm has the specific average-
revenue functions

P, =63 — 40, so that R, = P,Q, = 63Q, — 407
P, =105 - 50, R, = P,0, = 1050, — 5Q§
P, =75 - 60, Ry = P,Q, = 750, — 60}
and that the total-cost function is
C =20+ 15Q

Then the marginal functions will be
R, =63 — 8Q, R, =105 — 10Q, Ry =175 - 120, Cc' =15

When each marginal revenue R/ is set equal to the marginal cost C” of the total
output, the equilibrium quantities are found to be

0, =6 0,=9 and Q,=15

3

Thus Q=3 Q =20

i=1

Substituting these solutions into the revenue s «d cost equations, we get 7 = 679
as the total profit from the triple-market business operation.

Because this is a specific model, we do have to check the second-order
condition (or the concavity of the objective function). Since the second derivatives
are

R/=—-8 R{=-10 R{=-12 (C'=0

all three parts of the second-order sufficient conditions given in Example 3 are
duly satisfied.

It is easy to see from the average-revenue functions that the firm should
charge the discriminatory prices P, = 39, P, = 60, and P, = 45 in the three
markets. As you can readily verify, the point elasticity of demand is lowest in the
second market, in which the highest price is charged.

Input Decisions of a Firm

Instead of output levels Q,, the choice variables of a firm may also appear in the
guise of input levels.

Example 5 Let us assume the following circumstances: (1) Two inputs a and b
are used in the production of a single product Q of a hypothetical firm. (2) The
prices of both inputs, P, and P,, are beyond the control of the firm, as is the
output price P; hence we shall denote them by P, Py, and Py, respectively. (3)
The production process takes 1, years (¢, being some positive constant) to
complete; thus the revenue from sales should be duly discounted before it can be
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properly compared with the cost of production incurred at the present time. The
rate of discount, on a continuous basis, is assumed to be given at r,.

Upon assumption 1, we can write a general production function Q = Q(a, b),
with marginal physical products Q, and Q,. Assumption 2 enables us to express
the total cost as

C=aP,, + bP,,
and the total revenue as
R = P,Q(a,b)

To write the profit function, however, we must first discount the revenue by
multiplying it by the constant e "“—which, to avoid complicated superscripts
with subscripts, we shall write as e ™. Thus, the profit function is

7 =PQ(a,b)e " — aP,, — bPy,

in which a and b are the only choice variables.
To maximize profit, it is necessary that the first partial derivatives

877 —rt
Wa(E%)zpoQue _PaO

am

(11.34)
771;(5 'ég) = PyQue " — Py

both be zero. This means that
(11.35) P,Qe " =P, and P, Qe " = P,

Since P,Q, (the price of the product times the marginal product of input a)
represents the value of marginal product of input a (VMP,), the first equation
merely says that the present value of VMP, should be equated to the given price
of input a. The second equation is the same prerequisite applied to input b.

Note that, to satisfy (11.35), the marginal physical products Q, and Q, must
both be positive, because Py, P, P,,, and e " all have positive values. This has
an important interpretation in terms of an isoquant, defined as the locus of input
combinations that yield the same output level. When plotted in the ab plane,
isoquants will generally appear like those drawn in Fig. 11.11. Inasmuch as each
of them pertains to a fixed output level, along any isoquant we must have

dQ = Q da+ Q,db=0
which implies that the slope of an isoquant is expressible as

b _ Q. [_ _MPR,
da  Q, - MPP,

Thus, to have Q, and Q, both positive is to confine the firm’s input choice to
the negatively sloped segments of the isoquants only. In Fig. 11.11, the relevant
region of operation is accordingly restricted to the shaded area defined by the two
so-called “ridge lines.” Outside the shaded area, where the isoquants are char-
acterized by positive slopes, the marginal product of one input must be negative.

(11.36)
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0

Figure 11.11

The movement from the input combination at M to the one at N, for instance,
indicates that with input b held constant the increase in input a leads us to a lower
isoquant (a smaller output); thus, @, must be negative. Similarly, a movement
from M’ to N’ illustrates the negativity of Q,. Note that when we confine our
attention to the shaded area, each isoquant can be taken as a function of the form
b = ¢(a), because for every admissible value of a, the isoquant determines a
unique value of b.

The second-order condition revolves around the second partial derivatives of
7, obtainable from (11.34). Bearing in mind that Q, and Q,, being derivatives, are
themselves functions of the variables @ and b, we can find 7, 7, = 7, and 7,
and arrange them into a Hessian:

7 s P e P,Q e "
(1137) IH‘ _ aa ab _ 0 gu o 0= ab i
Tab Mo PyQ e PyQpe
For a stationary value of # to be a maximum, it is sufficient that

|H,| <0 [that is, m,, < O, which can obtain iff 0, < 0]
|H,| = |H| >0 [thatis, m,,m,, > =7, which can obtain iff Q,,0,, > 0]

Thus, we note, the second-order condition can be tested either with the =
derivatives or the @, derivatives, whichever are more convenient.

The symbol Q,, denotes the rate of change of Q, (= MPP,) as input a
changes while input b is fixed; similarly, Q,, denotes the rate of change of O,
(= MPP,) as input b changes alone. So the second-order sufficient condition
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stipulates, in parl that the MPP of both inputs be diminishing at the chosen input
levels @ and b. Observe, however, that diminishing MPP, and MPP, do nor
guarantee the satlsfactlon of the second-order condition, because the latter
condition also involves the magnitude of Q ,, = Q, . which measures the rate of
change of MPP of one input as the amount of the other input varies.

Upon further examination it emerges that, just as the first-order condition
specifies the isoquant to be negatively sloped at the chosen input combination (as
shown in the shaded area of Fig. 11.11), the second-order sufficient condition
serves to specify that same isoquant to be strictly convex at the chosen input
combination. The curvature of the isoquant is associated with the sign of the
second derivative d°b/da?. To obtain the latter, (11.36) must be differentiated
totally with respect to a, bearing in mind that Q, and Q, are both derivative
functions of @ and b and yet. on an isoquant, b is itself a function of «; that is.

QuzQu(a*b) Qh:Qh(a*b) and b:¢(a)
The total differentiation thus proceeds as follows:

d’» _d{ 0, dQ, do,
(1138) *__(_ah) Qh [Qh da a dal

da?® da
Since b is a function of a on the isoquant, the total-derivative formula (8.9) gives
us

do, _ aQ, db aQ, _ db
(11.39) ‘da  db daﬁL da _Q”“da+Q““
P o, w10, a

da b da+E_Qb”da+Q“b

After substituting (11.36) into (11.39) and then substituting the latter into (11.38),
we can rewrite the second derivative as

d2b 2 1
(140) == =0 [Qath Qria = QuQu Q””Q“(E)}
o é[Qw(th = 20,(0.)(Q,) + 0,(2,)’]
b

It is to be noted that the expression in brackets (last line) is a quadratic form in
the two variables Q, and Q,. If the second-order sufficient condition is satisfied,
so that

Quu - Quh
- Quh th

then. by virtue of (11.11"), the said quadratic form must be negative definite. This
will in turn make db/da® positive, because Q, has been constrained to be
positive by the first-order condition. Thus the satisfaction of the second-order
sufficient condition means that the relevant (negatively sloped) isoquant is strictly
convex at the chosen input combination, as was asserted.

0,.<0 and I >0
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The concept of strict convexity, as applied to an isoquant b = ¢(a), which is
drawn in the two-dimensional ab plane, should be carefully distinguished from
the same concept as applied to the production function Q(a, b) itself, which is
drawn in the three-dimensional abQ space. Note, in particular, that if we are to
apply the concept of strict concavity or convexity to the production function in
the present context, then, to produce the desired isoquant shape, the appropriate
stipulation is that Q(a, b) be strictly concave in the 3-space (be dome-shaped),
which is in sharp contradistinction to the stipulation that the relevant isoquant be
strictly convex in the 2-space (be U-shaped, or shaped like a part of a U).

Example 6 Next, suppose that interest is compounded quarterly instead, at a
given interest rate of i, per quarter. Also suppose that the production process
takes exactly a quarter of a year. The profit function then becomes

™= P()Q(W b)(l + "0)7l —aP,, — bPy,

a

The first-order condition is now found to be
POQa(l + "0)771 - PuO =0
. -1
PQy(1 +1iy) = Pyy=0

with an analytical interpretation entirely the same as in Example 5, except for the
different manner of discounting,.

You can readily see that the same sufficient condition derived in the preced-
ing example must apply here as well.

EXERCISE 11.6

1 If the competitive firm of Example 1 has the cost function C = 2Q? + 203 instead,
then:

(a) Will the production of the two goods still be technically related?

(b) What will be the new optimal levels of Q, and Q,?

(¢) What is the value of 7,,? What does this imply economically?

2 A two-product firm faces the demand and cost functions below:
0,=40-2P ~ P, Q,=35-P—-P, C=0Qi+20}+10

(a) Find the output levels that satisfy the first-order condition for maximum profit.
(Use fractions.)

(b) Check the second-order sufficient condition. Can you conclude that this problem
possesses a unique absolute maximum?

(¢) What is the maximal profit?

3 On the basis of the equilibrium price and quantity in Example 4, calculate the point
elasticity of demand |e ;| (for i = 1,2,3). Which market has the highest and the lowest
demand elasticities?
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4 If the cost function of Example 4 is changed to C = 20 + 15Q + Q?:
(a) Find the new marginal-cost function.
(b) Find the new equilibrium quantities. (Use fractions).
(¢) Find the new equilibrium prices.
(d) Verify that the second-order sufficient condition is met.

5 In Example 6, how would you rewrite the profit function if the following conditions
hold?

(a) Interest is compounded semiannually at an interest rate of i, per annum, and the
production process takes 1 year.

(b) Interest is compounded quarterly at an interest rate of i, per annum, and the
production process takes 9 months.

6 Given = Q(a, b), how would you express algebraically the isoquant for the output
level of, say, 260?

11.7 COMPARATIVE-STATIC ASPECTS OF OPTIMIZATION

Optimization, which is a special variety of static equilibrium analysis, is naturally
also subject to investigations of the comparative-static sort. The idea is, again, to
find out how a change in any parameter will affect the equilibrium position of the
model, which in the present context refers to the optimal values of the choice
variables (and the optimal value of the objective function). Since no new
technique is involved beyond those discussed in Part 3, we may proceed directly
with some illustrations, based on the examples introduced in the preceding
section.

Reduced-Form Solutions

Example 1 of Sec. 11.6 contains two parameters (or exogenous variables), P, and
P,; it is not surprising, therefore, that the optimal output levels of this two-prod-
uct firm are expressed strictly in terms of these parameters:

_ 4P, - P, 4P, — P,

_ A5 — M2
Ql - 15 and QZ 15

These are reduced-form solutions, and simple partial differentiation alone is
sufficient to tell us all the comparative-static properties of the model, namely,

30, 4 3Q, 1 30, 1 30, 4

P, 15 P, 15 dP,, 15 Py, 15

For maximum profit, each product of the firm should be produced in a larger
quantity if its market price rises or if the market price of the other product falls.

Of course, these conclusions follow only from the particular assumptions of
the model in question. We may point out, in particular, that the effects of a
change in P, on Q, and of P,, on Q,, are consequences of the assumed technical
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relation on the production side of these two commodities, and that in the absence
of such a relation we shall have

00, _ 40,
IPy Py

=0

Moving on to Example 2, we note that the optimal output levels are there
stated, numerically, as Q, = 8 and 0, = 72 —no parameters appear. In fact, all
the constants in the equations of the model are numerical rather than parametric,
so that by the time we reach the solution stage those constants have all lost their
respective identities through the process of arithmetic manipulation. What this
serves to underscore is the fundamental lack of generality in the use of numerical
constants and the consequent lack of comparative-static content in the equi-
librium solution.

On the other hand, the nonuse of numerical constants is no guarantee that a
problem will automatically become amenable to comparative-static analysis. The
price-discrimination problem (Example 3), for instance, was primarily set up for
the study of the equilibrium (profit-maximization) condition, and no parameter
was introduced at all. Accordingly, even though stated in terms of general
functions, a reformulation will be necessary if a comparative-static study is
contemplated.

General-Function Models

The input-decision problem of Example 5 illustrates the case where a general-
function formulation does embrace several parameters—in fact, no less than five
(Py, Py, Py, 1, and 1), where we have, as before, omitted the 0 subscripts from
the exogenous variables r, and r,. How do we derive the comparative-static
properties of this model?

The answer lies again in the application of the implicit-function theorem. But,
unlike the cases of nongoal-equilibrium models of the market or of national-
income determination, where we worked with the equilibrium conditions of the
model, the present context of goal equilibrium dictates that we work with the
first-order conditions of optimization. For Example 5, these conditions are stated
in (11.35). Collecting all terms in (11.35) to the left of the equals signs, and
making explicit that Q, and Q, are both functions of the endogenous (choice)
variables a and b, we can rewrite the first-order conditions in the format of (8.20)
as follows:

F'(a,b; Py, Py, Py r.t)=P,Q (a.b)e " —P,,=0

(11.41)
F2(a, b5 Py, Pyg, Pyo, 1o 1) = PyQy(a,b)e™ — Py =0

The functions F' and F? are assumed to possess continuous derivatives. Thus it
would be possible to apply the implicit-function theorem, provided the Jacobian
of this system with respect to the endogenous variables @ and b does not vanish at
the initial equilibrium. The said Jacobian turns out to be nothing but the Hessian
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determinant of the « function of Example 5:
IF! aF!
da b | | PoQue " PoQue "

OF*  QF? PO, PQ e
da b

(11.42) || = = |H|

[by (11.37)]

Hence, if we assume that the second-order sufficient condition for profit-maximi-
zation is satisfied, then|H| must be positive, and so must be |J]|, at the initial
equilibrium or optimum. In that event, the implicit-function theorem will enable
us to write the pair of implicit functions

a=a(P,, P, Pyy.r.t)
(11.43) ! -( 0> £a0> Lpo

b=b(Py, Py, Pyy.r,1)
as well as the pair of identities

PO, (a,b)e " —P, =0
(11.44) 0Qal _) 0

PQy(a,b)e " = Py=0

To study the comparative statics of the model, first take the total differential
of each identity in (11.44). For the time being, we shall permit all the exogenous
variables to vary, so that the result of total differentiation will involve da, db, as
well as dP,, dP,, dP,, dr, and dt. If we place on the left side of the equals sign
only those terms involving da and db, the result will be

P,Q,.e”"da+ PyQ e " db

= —Q. "dPy+ dP,, + P,Q te”"dr + P,Q re " dt
PyQ e da + PyQ, e " db

= —Q,e " dPy + dP,, + PyQ,te” " dr + PyQ,re " dt

(11.45)

where. be it noted, the first and second derivatives of Q are all to be evaluated at
the equilibrium, i.e., at @ and b. You will also note that the coefficients of dz and
db on the left are precisely the elements of the Jacobian in (11.42).

To derive the specific comparative-static derivatives-—-of which there are a
total of ten (why?)—we now shall allow only a single exogenous variable to vary
at a time. Suppose we let P, vary, alone. Then dP, # 0, but dP,, = dP,, = dr =
dt = 0, so that only the first term will remain on the right side of each equation in
(11.45). Dividing through by dP,, and interpreting the ratio da/dP, to be the
comparative-static derivative (da/dP,), and similarly for the ratio db/dP,, we
can write the matrix equation

_ Qae -rt
_ Qbe* rt

P06 " PoQahe”] (da/dr,)
PoQue " PoQpe (85/‘9})0)
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The solution, by Cramer’s rule, is found to be

(_@i) _ (Q6Qus = QuQ4s) Pre "
1

(ili) _ (QaQub - Qana)Poewzn
P, /1

If you prefer, an alternative method 15 available for obtaining these results: You
may simply differentiate the two identities in (11.44) rorally with respect to P,
(while holding the other four exogenous variables fixed), bearing in mind that P,
can affect @ and b via (11.43).

Let us now analyze the signs of the comparative-static derivatives in (11.46).
On the assumption that the second-order sufficient condition is satisfied, the
Jacobian in the denominator must be positive. The second-order condition also
implies that Q,, and Q,, are negative, just as the first-order condition implies that
Q, and Q, are positive. Moreover, the expression Pye 2" is certainly positive.
Thus, if Q,, > 0 (if increasing one input will raise the MPP of the other input),
we can conclude that both (da/dP,) and (3b/dP,) will be positive, implying that
an increase in the product price will result in increased employment of both
inputs in equilibrium. If @, < 0, on the other hand, the sign of each derivative in
(11.46) will depend on the relative strength of the negative force and the positive
force in the parenthetical expression on the right.

Next, let the exogenous variable r vary. alone. Then all the terms on the right
of (11.45) will vanish except those involving dr. Dividing through by dr #+ 0, we
now obtain the following matrix equation

P06 " POQahe”H(B(Y/(?r)}

PQe " PyQpe (85/8”)

with the solution

PyQyte” "

P()Qa te” 8 }

5

( o ) Q.0 — 0,Q.:) (P ")

Or | /]
(11.47)

3_5 10,0, — 0,0, P ")
( ar ) B |

Both of these comparative-static derivatives will be negative if Q
indeterminate in sign if Q, is negative.

By a similar procedure, we may find the effects of changes in the remaining
parameters. Actually, in view of the symmetry between r and ¢ in (11.44) it is
immediately obvious that both (da/dr) and (db/dt) must be similar in ap-
pearance to (11.47).

The effects of changes in P,, and P, are left to you to analyze. As you will
find. the sign restriction of the second-order sufficient condition will again be
useful in evaluating the comparative-static derivatives, because it can tell us the

25 18 positive, but
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signs of Q,, and Q,, as well as the Jacobian |J| at the initial equilibrium
(optimum). Thus, aside from distinguishing between maximum and minimum, the
second-order condition also has a vital role to play in the study of shifts in
equilibrium positions as well.

EXERCISE 11.7

For the following three problems, assume that Q_, > 0.

1 On the basis of the model described in (11.41) through (11.44), find the comparative-static
derivatives (da/dF,,) and (3b/3P,,). Interpret the economic meaning of the result. Then
analyze the effects on & and b of a change in P,,,.

2 For the problem of Example 6 in Sec. 11.6:

(a) How many parameters are there? Enumerate them.

(b) Following the procedure described in (11.41) through (11.46), and assuming that the
second-order sufficient condition is satisfied, find the comparative-static derivatives
(da/dP,) and (3b/3P,). Evaluate their signs and interpret their economic meanings.

(¢) Find (8a/di,) and (3b/3i,), evaluate their signs, and interpret their economic
meanings.

3 Show that the results in (11.46) can be obtained alternatively by differentiating the two

identities in (11.44) totally with respect to P, while holding the other exogenous variables
fixed. Bear in mind that P, can affect 2 and b by virtue of (11.43).

4 A Jacobian determinant, as defined in (7.27), is made up of first-order partial deriva-
tives. On the other hand, a Hessian determinant, as defined in Secs. 11.3 and 11.4, has as
its elements second-order partial derivatives. How, then, can it turn out that |J| = [H]|, as
in (11.42)?
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